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On Strongly Socle-Regular QTAG-Modules

Fahad Sikander a, Ayazul Hasan b and Firdhousi Begum c

Abstract. A module M over an associative ring with unity is a QTAG-module
if every finitely generated submodule of any homomorphic image of M is a direct

sum of uniserial modules. Recently the socles of fully invariant submodules have

been studied and this led to the notion of socle-regular QTAG-modules. In this
paper, we study the socles of characteristic submodules of QTAG-modules and

define strongly socle-regular QTAG-modules. We also discuss some interesting
properties of these modules.

1. Introduction and Preliminaries

Recently [5], the authors study the socles of fully invariant submodules and some
of their properties. This paper builds on that approach for characteristic submodules
and it leads to the concept of strong socle-regular QTAG-modules.

Throughout this paper, all rings will be associative with unity and modules M
are unital QTAG-modules. An element x ∈M is uniform, if xR is a non-zero uniform
(hence uniserial) module and for any R-module M with a unique composition series,
d(M) denotes its composition length. For a uniform element x ∈ M, e(x) = d(xR)

and HM (x) = sup

{
d

(
yR

xR

)
| y ∈M, x ∈ yR and y uniform

}
are the exponent and

height of x in M, respectively. Hk(M) denotes the submodule of M generated by the
elements of height at least k and Hk(M) is the submodule of M generated by the

elements of exponents at most k. M is h-divisible if M = M1 =
∞⋂
k=0

Hk(M) and it is

h-reduced if it does not contain any h-divisible submodule. In other words it is free
from the elements of infinite height. A characteristic submodule N of a QTAG-module
M is a submodule that is invariant under each automorphism of M .

A QTAG-module M is called separable, if every finitely generated submodule of
M can be embedded in a summand of M . A submodule B ⊆M is a basic submodule
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of M, if B is h-pure in M, B = ⊕Bi, where each Bi is the direct sum of uniserial
modules of length i and M/B is h-divisible. A fully invariant submodule L ⊂M is a
large submodule of M, if L+ B = M for every basic submodule B of M . A QTAG-
module M is fully transitive if for x, y ∈M , U(x) 6 U(y), there is an endomorphism
f of M such that f(x) = f(y) and it is transitive if for any two elements x, y ∈ M ,
with U(x) 6 U(y), there is an automorphism f of M such that f(x) = f(y). Singh
[6] proved that the results which hold for TAG-modules also hold good for QTAG-
modules.

2. Properties of Strongly Socle-Regular QTAG-Modules

First we recall the following:

Definition 2.1. A h-reduced QTAG-module M is said to be socle-regular if for
all fully invariant submodules N of M, there exists an ordinal σ such that Soc (N)=Soc
(Hσ(M)). Hence σ depends on N.

Remark 2.1. Clearly, the class of socle-regular QTAG-modules strictly contains
the class of fully transitive QTAG-modules.

Now we define the strongly socle-regular QTAG-modules as follows:

Definition 2.2. A QTAG-module M is strongly socle-regular if for all the
characteristic submodules N of M , there exists an ordinal α such that Soc(N) =
Soc(Hα(M)).

A strongly socle-regular module is socle-regular but the converse is not true in
general. This motivates us to investigate strongly socle-regular modules and charac-
terize them.
We start with a simple lemma.

Lemma 2.1. If N is a h-divisible QTAG-module then its characteristic submod-
ules are of the form Hk(N), k < ω, and all of them are fully invariant. Moreover, if
K is a characteristic submodule of the h-reduced QTAG-module M , then N ⊕K is a
characteristic submodule of N ⊕M . If K is not fully invariant in M , then N ⊕K is
not fully invariant in N ⊕M .

Proof. For a characteristic submodule L of N , Soc(L) = 0 or Soc(N), therefore
L is of the form Hk(N) only. Every endomorphism of N ⊕M may be represented by

a matrix

(
f1 f2

f3 f4

)
where fi’s are also endomorphisms. Since a h-divisible module

can not be mapped onto h-reduced module, this matrix becomes a lower triangular
matrix, therefore N ⊕K is characteristic. Now if K is not fully invariant, then there
exists an endomorphism f of M such that f(K) * K. This f can be extended to an
endomorphism f̄ of N ⊕M by defining f̄(N) = 0, thus f̄(N ⊕K) * N ⊕K implying
that N ⊕K is not fully invariant. Hence the result follows. �
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Theorem 2.1. Let N be a h-divisible QTAG-module and K a reduced QTAG-
module. If N ⊕ K is strongly socle-regular, then both N and K are strongly socle-
regular. Moreover, if K is strongly socle-regular, then N ⊕ K is also strongly socle-
regular.

Proof. By Lemma 2.1, N is strongly socle-regular. Again if Q is a characteristic
submodule in K, then N ⊕Q is characteristic in N ⊕K. Now

Soc(N ⊕Q) = Soc(Hα(N ⊕K))

for some ordinal α. Thus Soc(Q) = Soc(Hα(K)).

Conversely, if Q is a characteristic submodule of N ⊕K, Q = (N ∩Q) ⊕(Q ∩K)
and N ∩Q and K ∩Q are characteristic in N and K respectively. Since K is strongly
socle-regular Soc(Q ∩N) = Soc(N) by Lemma 2.1, and Soc(Q ∩K) = Soc(Hα(K)).
Therefore,

Soc(Q) = Soc(N)⊕ Soc(Hα(K)) = Soc(Hα(N ⊕K))

implying that N ⊕K is also strongly socle-regular. �

To study the socles of characteristic submodules, we define the following:

Definition 2.3. For a submodule N of M, put σ = min{H(x) | x ∈ Soc(N)}
and denote σ= inf(Soc(N)). Here Soc(N) ⊆ Soc(Hσ(M)).

Remark 2.2. If K is a submodule of M containing N, inf(Soc(N)) may be cal-
culated with respect to N and M respectively. To differentiate we write inf(Soc(N))K
and inf(Soc(N))M respectively, but if K is an isotype submodule of M, then inf(Soc(N))K
= inf(Soc(N))M . However if K is not an isotype submodule of M , then inf(Soc(N))K 6
inf(Soc(N))M .

Now we prove the following:

Proposition 2.1.

(i) If N is a submodule of the h-reduced QTAG-module M such that Soc(Hk(M)) ⊆
Soc(N) for some integer k, then inf(Soc(N)) is finite.

(ii) If N is a characteristic submodule of M and inf(Soc(N)) = k, k < ω, then
Soc(N) = Soc(Hk(M)).

Proof. (i) Let σ = inf(Soc(N)). Now σ 6 min{HM (x)| x ∈ Soc(Hk(M))}. If
σ > ω, then Soc(Hk(M)) ⊆ Hω(M) = Hω(Hk(M)). Thus Soc(Hk(M)) ⊆ Hω(Hk(M)).
This means Hk(M) is h-divisible (if not zero) which is not possible because M is h-
reduced. Thus inf(Soc(N)) < ω.

(ii) Since inf(Soc(N)) = k, Soc(N) ⊆ Soc(Hk(M)). Let x be a uniform element of

Soc(N) such that HM (x) = k, then there exists y ∈M such that d

(
yR

xR

)
= k. Since

every element of exponent one and finite height can be embedded in a direct summand,
by [3], yR is a summand of M . Therefore M = yR ⊕M ′, for some submodule M ′ of
M . If z is an arbitrary uniform element of Soc(Hk(M)rSoc(Hk+1(M)), then there
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exists u ∈ M such that d

(
uR

zR

)
= k and hence M = uR ⊕M ′′. Clearly M ′ and

M ′′ are isomorphic since yR ∼= uR, both being of uniserial modules of exponent k+ 1
and uniserial modules of finite exponent have cancellation property. We may define
a homomorphism f : M → M such that f : y → u, mapping M ′ to M ′′, f(x) = z
and f is an automorphism. Since Soc(N) is characteristic in M , z ∈ Soc(N) and so
Soc(Hk(M))rSoc(Hk+1(M)) ⊆ Soc(N). However if v ∈ Soc(Hk+1(M)), then z + v
has height exactly n and exponent 1, so that z + v ∈ Soc(N). This implies that
v ∈ Soc(N) and hence Soc(Hk(M)) ⊆ Soc(N) and the result follows. �

Corollary 2.1. If M is a separable QTAG-module, then M is strongly socle-
regular.

Proof. This is immediate since the hypothesis of separability implies that for
any characteristic submodule N of M , inf(Soc(N)) is finite. �

Remark 2.3. The fully transitive modules are socle-regular but they need not be
strongly socle-regular.

The following result establishes the relation between transitive modules and
strongly socle-regular modules.

Theorem 2.2. If M is a transitive QTAG-module, then M is strongly socle-
regular. In particular, totally projective QTAG-modules are strongly socle-regular.

Proof. Suppose M is a transitive QTAG-module and let N be any characteristic
submodule of M . If inf(Soc(N)) = α, then Soc(N) ⊆ Soc(Hα(M)).For the reverse
inequality, let x be an element of Soc(N) of height α and let y be an arbitrary uniform
element of Soc(Hα(M)). The Ulm sequence of y is UM (y) = (β,∞, . . .) for some
β > α. If β = α, then there is an automorphism θ of M such that θ(x) = y, as M is
transitive. Since Soc(N) is characteristic in M , y ∈ Soc(N). If however, β > α, then
HM (x+ y) = HM (x), hence UM (x+ y) = UM (x). Again by transitivity of M there is
an automorphism φ of M with φ(x) = x+y and so y = φ(x)−x ∈ Soc(N), as Soc(N)
is characteristic in M . Therefore Soc(Hα(M)) ⊆ Soc(N) and the result follows. �

Remark 2.4. Since totally projective QTAG-modules are transitive, they are
strongly socle-regular.

Now we investigate the conditions under which the property of being strongly
socle-regular is shared by the submodules and quotient modules.

Proposition 2.2.

(i) If M is strongly socle-regular, then so also is Hα(M) for all ordinals α.
(ii) If M is strongly socle-regular and L is a characteristic submodule of M such

that Hω(L) = Hω(M), then L is strongly socle-regular.
(iii) M is strongly socle-regular if and only if Hn(M) is strongly socle-regular for

a positive integer n. In particular, if N is a submodule of M and either
M/N is finitely generated or M = N ⊕ B, where B is bounded, then M is
strongly-socle-regular if and only if N is strongly socle-regular.
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(iv) If Hω(M) is strongly socle-regular and M/Hω(M) is a direct sum of uniserial
modules, then M is strongly socle-regular.

(v) Suppose that α is an ordinal less than ω2. If Hα(M) is strongly-socle-regular
and M/Hα(M) is totally projective then M is strongly socle-regular.

Proof. Part (i) follows immediately from the fact that a characteristic submod-
ule of a characteristic module is again a characteristic submodule.

To establish part (ii), let N be a characteristic submodule of L. Clearly N is
characteristic in M and hence as M is strongly socle-regular, Soc(N) = Soc(Hα(M))
for some ordinal α. If α > ω, then inductively we get Hα(L) = Hα(M) and so
Soc(N) = Soc(Hα(L)) as required. However, if Soc(N) = Soc(Hn(M)) for some
integer n then Soc(N) ⊇ Soc(Hn(L)) and then it follows from Proposition 2.1 (i),
that inf(Soc(N)) is finite. Again by Proposition 2.1 (ii), Soc(N) = Soc(Hm(L)) for
some integer m and L is strongly socle-regular.

To establish part (iii), if K is a characteristic submodule of M and Soc(N) * Hn(M),
then inf(Soc(K)) is finite, k, say and then from Proposition 2.1 (ii), it follows that
Soc(N) = Soc(Hk(M)). If Soc(K) ⊆ Hn(M), then Soc(K) is actually characteristic
in Hn(M) and so

Soc(K) = Soc(Hα(Hn(M))) = Soc(Hn+α(M))

for some α. To deduce particular cases, note that in either situation there exists an
integer n such that Hn(M) = Hn(N).

For the proof of (iv), Let N be a characteristic submodule of M . If Soc(N) *
Soc(Hω(M)), then inf(Soc(N)) is finite and by Proposition 2.1 (ii), Soc(N) =
Soc(Hk(M)), for some k < ω and if Soc(N) ⊆ Soc(Hω(M)), Soc(N) is characteristic
in Hω(M). Since Hω(M) is strongly socle-regular, Soc(N) = Soc(Hα(Hω(M))) for
some ordinal α and Soc(N) = Soc(Hω+α(M)) and M is strongly socle-regular. Since
an arbitrary automorphism φ of Hω(M) is induced by an automorphism of M , Soc(N)
is characteristic in Hω(M) and the result follows.

For the proof of (v), we use the transfinite induction. The initial cases follow
from (iii) and (iv). So suppose that we have established the result for all ordinals
less than α. There are two possibilities, either α is a successor or α is a limit ordinal
of the form ω.n. In the first case α = β + 1, for some β. Let X = Hβ(M). Now
H1(X) = Hα(M) is strongly socle-regular. Hence by (ii) Hβ(M) is strongly socle-
regular. Moreover, since β < α, M/Hβ(M) is totally projective. Hence it follows
from our inductive hypothesis that M is strongly socle-regular. In the second case,
α = β + ω, for some β. Set X = Hβ(M) so that Hω(X) = Hα(M) is strongly socle-
regular. Now X/Hω(X) ∼= Hβ(M)/Hα(M) and this is again totally projective hence
it is a direct sum of uniserial modules. It now follows from (iii) that X = Hβ(M) is
strongly socle-regular. However as M/Hβ(M) is totally projective and so it follows
from the inductive hypothesis that M is strongly socle-regular. �

Remark 2.5. For any large submodule L of M , Hω(L) = Hω(M), therefore large
submodules are strongly socle-regular.
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Proposition 2.3. Let M be a QTAG-module where Hω(M) is uniserial. Then
M is strongly socle-regular. If there exists a QTAG-module M such that Hω(M) is
strongly socle-regular but M is not strongly socle-regular, then Hω(M) = N⊕K, where
H1(N) = H1(K) = 0. Moreover, the direct sum of two strongly socle-regular modules
need not be strongly socle-regular.

Proof. Let M be a QTAG-module with Hω(M), uniserial and N a character-
istic submodule of M . Then either inf(Soc(N)) is finite or Soc(N) ⊆ Hω(M). If
inf(Soc(N)) is finite, then Soc(N) = Soc(Hk(M)) for some finite k < ω, by Proposi-
tion 2.1, otherwise Soc(N) = Soc(Hω(M)).

LetM = N⊕K be aQTAG-module, whereHω(N) ' Hω(K) such thatHω+1(N) =
Hω+1(K) = 0, N/Hω(N) is a direct sum of uniserial modules and K/Hω(K) is closed
[4]. Here M/Hω(M) is not a direct sum of uniserial modules but Hω(M) is finitely
generated. Thus Hω(M) is strongly socle-regular. As proved in the last section, M is
not even socle-regular. Therefore, M is not strongly socle-regular. The last statement
is the immediate consequence of the above discussion. �

3. The class of Strongly Socle-Regular QTAG-Modules

This section deals with the properties of the strongly socle-regular QTAG-modules
and we obtain a characterization of strongly socle-regular modules in terms of socle-
regular modules.

Proposition 3.1. If M is strongly socle-regular QTAG-module, then so also is
the direct sum of β copies of M, A =

⊕
γ<β

Mγ for any ordinal β.

Proof. If N is an arbitrary characteristic submodule of A, then N is fully in-
variant in A. Since a QTAG-module M is socle-regular if and only if the direct sum
of β copies of M,

⊕
γ<β

Mγ is socle-regular for any ordinal β, it follows that A is so-

cle regular and so Soc(N) = Soc(Hα(A)), for some ordinal α. Thus A is strongly
socle-regular. �

Since separable modules are always socle-regular, addition of a separable summand
does not affect the strong socle-regularity.

Proposition 3.2. If M is the direct sum of two submodules N and K i.e M =
N ⊕ K such that N is strongly socle-regular and K is separable then M is strongly
socle-regular.

Proof. Let L be a characteristic submodule of M . If inf(Soc(L)) is finite then
by Proposition 2.1 (ii), Soc(L) = Soc(Hn(M)), for some finite integer n. Otherwise
Soc(L) ⊆ Hω(M) = Hω(N), so that Soc(L) ⊆ N . Now let f be an arbitrary automor-

phism of N . Then f extends to an automorphism f̄ of M by setting f̄ =

(
f 0
0 1

)
.

Since Soc(L) is characteristic in M , f̄(Soc(L)) ⊆ Soc(L). Hence f(Soc(L)) ⊆ Soc(L)
and Soc(L) is characteristic in N also. Now the latter is strongly socle-regular, so
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Soc(L) = Soc(Hβ(N)) for some ordinal β; note that β > ω since inf(Soc(L)) is infi-
nite. However if β is infinite then Hβ(M) = Hβ(N) and hence Soc(L) = Soc(Hβ(M)).
Thus M is strongly socle-regular. �

Theorem 3.1. Let M = N +K, where K is separable. If there exists an integer
n such that Hn(N)∩Hn(K) = 0 (in particular, if N ∩K is finite), then N is strongly
socle-regular implies that M is also strongly socle-regular.

Proof. Clearly Hn(M) = Hn(N) + Hn(K). However, the hypothesis Hn(N) ∩
Hn(K) = 0 makes the previous sum as direct i.e. Hn(M) = Hn(N)⊕Hn(K). Now in
view of Proposition 2.2 (i), Hn(N) is strongly socle-regular since N is, and one also
has that Hn(K) is separable. By Proposition 3.2, Hn(M) is strongly socle-regular and
hence it follows from Proposition 2.2 (iii) that M is strongly socle-regular. �

Now we are able to characterize the strongly socle-regular modules.

Theorem 3.2. A h-reduced QTAG-module M is socle-regular if the direct sum
M ⊕M is strongly socle-regular.

Proof. If M ⊕M is strongly socle-regular, it immediately follows from the fact
that a QTAG-module M is socle-regular if and only if the direct sum of β copies of
M,

⊕
γ<β

Mγ is socle-regular for any ordinal β, it follows that M is socle-regular. �
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