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The Forcing Edge Monophonic Number of a Graph

J. Johna and P Arul Paul Sudhaharb

Abstract. For a connected graph G = (V,E), let a set M be a minimum edge

monophonic set of G. A subset T ⊆M is called a forcing subset for M if M is the

unique minimum edge monophonic set containing T . A forcing subset for M of

minimum cardinality is a minimum forcing subset of M . The forcing edge mono-

phonic number of M , denoted by fm1(M) is the cardinality of a minimum forcing

subset of M . The forcing edge monophonic number of G, denoted by fm1(G) is

fm1(G) = min {fm1(M)}, where the minimum is taken over all minimum edge

monophonic sets M in G. Some general properties satisfied by this concept are

studied.The forcing edge monophonic number of certain classes of graphs are de-

termined. It is known that m(G) 6 m1(G), where m(G) and m1(G) respectively

the monophonic number and the edge monophonic number of a connected graph

G. However, there is no relation between fm(G) and fm1(G), where fm(G) is the

forcing monophonic number of a connected graph G. We give realization results

for various possibilities of these four parameters.

1. Introduction

By a graph G = (V,E), we mean a finite undirected connected graph without

loops or multiple edges. The order and size of G are denoted by p and q respectively.

For basic graph theoretic terminology, we refer to Harary [1,4]. A chord of a path

uo, u1, u2, ..., un is an edge uiuj with j > i+ 2. An u− v path is called a monophonic

path if it is a chordless path. A monophonic set of G is a set M ⊆ V (G) such that

every vertex of G is contained in a monophonic path joining some pair of vertices in

M . The monophonic number m(G) of G is the minimum order of its monophonic

sets and any monophonic set of order m(G) is the minimum monophonic set of G.

The monophonic number of a graph is introduced in [2] and further studied in [5,

8]. An edge monophonic set of G is a set M ⊆ V (G) such that every edge of G is
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contained in a monophonic path joining some pair of vertices in M . The edge mono-

phonic number m1(G) of G is the minimum order of its edge monophonic sets and

any edge monophonic set of order m1(G) is a minimum edge monophonic set of G.

The edge monophonic number of a graph is introduced in [7]. A subset T ⊆ M is

called a forcing subset for M if M is the unique minimum monophonic set containing

T . A forcing subset for M of minimum cardinality is a minimum forcing subset of

M . The forcing monophonic number of M , denoted by fm(M), is the cardinality of

a minimum forcing subset of M . The forcing monophonic number of G, denoted by

fm(G), is fm(G) = min {fm(M)}, where the minimum is taken over all minimum

monophonic sets M in G. The forcing geodetic number, the forcing monophonic num-

ber and the forcing Steiner number where studied in [3, 6, 9]. A vertex v of G is said

to be a monophonic vertex of G if v belongs to every minimum monophonic set of G.

A vertex v is an extreme vertex of a graph if the subgraph induced by its neighbors is

complete. The following theorems are used in the sequel.

Theorem 1.1. [5, 7] Each extreme vertex of G belongs to every monophonic set

of G as well as every edge monophonic set of G.

Theorem 1.2. [7] For any non trivial tree T , the edge monophonic number equals

the number of end vertices in T . In fact, the set of all end vertices of T is the unique

minimum edge monophonic set of T .

Theorem 1.3. [6] Let G be a connected graph and W be the set of all monophonic

vertices of G. Then fm(G) 6 m(G)− |W |

2. Forcing Edge Monophonic number of a graph

Even though every connected graph contains a minimum edge monophonic set,

some connected graph may contain several minimum edge monophonic sets. For each

minimum edge monophonic set M in a connected graph G, there is always some subset

T of M that uniquely determine M as the minimum edge monophonic set containing

T . Such ”forcing subsets” will be considered in this paper.

Definition 2.1. Let G be a connected graph and M a minimum edge monophonic

set of G. A subset T ⊆M is called a forcing subset for M if M is the unique minimum

edge monophonic set containing T . A forcing subset for M of minimum cardinality is

a minimum forcing subset of M . The forcing edge monophonic number of M , denoted

by fm1(M), is the cardinality of a minimum forcing subset of M . The forcing edge

monophonic number of G, denoted by fm1(G), is fm1(G) = min {fm1(M)}, where the

minimum is taken over all minimum edge monophonic sets M in G.

Example 2.1. For the graph G given in Figure 2.1, M1 = {v1, v2, v4} ,M2 =

{v1, v2, v5} ,M3 = {v1, v3, v6} ,M4 = {v1, v3, v5} are the only four minimum edge
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monophonic sets ofG.It is clear that fm1(M1) = 1, fm1(M2) = 2, fm1(M3) = 1, fm1(M4) =

2 so that fm1(G) = 1.

v1

v2

v3 v4

v5v6

u
u
u u

uu

G

Figure 2.1

The next theorem follows immediately from the definition of the edge monophonic

number and the forcing edge monophonic number of a connected graph G.

Theorem 2.1. For every connected graph G, 0 6 fm1(G) 6 m1(G).

Remark 2.1. The bounds in Theorem 2.1 are sharp. For the graph G = Kp, the

vertex set V is the unique minimum edge monophonic set of G so that fm1(G) = 0.

For the graph G given in Figure 2.1, m1(G) = 3 and fm1(G) = 1. Thus 0 < fm1(G) <

m1(G). Also for the graph G = C4,m1(G) = 2 and fm1(G) = 2 so that fm1(G) =

m1(G).

In the following we characterize graphs G for which bounds in the Theorem 2.1

attained and also graph for which fm1(G) = 1.

Theorem 2.2. Let G be a connected graph. Then

(a) fm1(G) = 0 if and only if G has a unique minimum edge monophonic set.

(b) fm1(G) = 1 if and only if G has at least two minimum edge monophonic sets, one

of which is a unique minimum edge monophonic set containing one of its elements,

and

(c) fm1(G) = m1(G) if and only if no minimum edge monophonic set of G is the

unique minimum edge monophonic set containing any of its proper subsets.

Definition 2.2. A vertex v of G is said to be an edge monophonic vertex of G if

v belongs to every minimum edge monophonic set of G.

Example 2.2. For the graph G given in Figure 2.2, M1 = {vl, v3, v7} and M2 =

{vl, v4, v7} are the only twom1-sets ofG. It is clear that v1 and v7 are edge monophonic

vertices of G.
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Figure 2.2

Theorem 2.3. Let G be a connected graph and W be the set of all edge mono-

phonic vertices of G. Then fm1(G) 6 m1(G)− |W |

Corollary 2.1. IfG is a connected graph with k extreme vertices, then fm1(G) 6
m1(G)− k.

Proof. This follows from Theorem 1.1 and Theorem 2.3.

Remark 2.2. The bound in Theorem 2.3 is sharp. For the graph G given in

Figure 2.2, M1 = {v1, v3, v7} ,M2 = {v1, v4, v7} are the only two m1-sets so that

m1(G) = 3 and fm1(G) = 1. Also W = {v1, v2} is the set of all edge monophonic

vertices of G and so fm1(G) = m1(G)−|W |. Also the inequality in Theorem 2.3 can be

strict. For the graph G given in Figure 2.3, M1 = {vl, v3, v6} ,M2 = {v1, v4, v7} ,M3 =

{v1, v5, v7} ,M4 = {v1, v4, v6} are the only four m1-sets of G so that m1(G) = 3 and

fm1(G) = 1. Now v1 is the only edge monophonic vertex of G and so fm1(G) <

m1(G)− |W | uu
u u u u

u

v1

v2

v3

v4 v5
v6

v7

G

Figure 2.3

Theorem 2.4. For a cycle G = Cp(p > 4),M = {u, v} is a minimum edge

monophonic set if and only if u and v are independent.

Proof. Let u and v be two independent vertices of G. It follows that M = {u, v}
is a minimum edge monophonic set of G. Now, let M = {u, v} be a minimum edge

monophonic set of G. Suppose that u and v are not independent. Then uv is a chord.

Therefore M = {u, v} is not an edge monophonic set of G, which is a contradiction.
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Theorem 2.5. For a cycle G = Cp(p > 5), fm1(G) = 2.

Theorem 2.6. For a complete graph G = Kp(p > 2) or a non-trivial tree G =

T, fm1(G) = 0.

Proof. For G = Kp, it follows from Theorem 1.1 that the set of all vertices of

G is the unique minimum edge monophonic set. Now, it follows from Theorem 2.2(a)

that fm1(G) = 0. If G is a non-trivial tree, then by Theorem 1.2 the set of all end

vertices of G is the unique minimum edge monophonic set of G and so fm1(G) = 0 by

Theorem 2.2(a).

Theorem 2.7. For the complete bipartite graph G = Km,n(m,n > 2),

fm1
(G) =

{
0 if m 6= n

1 if m = n

Proof. Let m,n > 2. Without loss of generality, let m < n.

Let U = {u1, u2, ..., um} and W = {w1, w2, ..., wn} be a bipartition of G. Let M = U .

We first prove that M is a minimum edge monophonic set of G. Any edge uiwj(1 6
i 6 m, i 6 j 6 n) lies on the monophonic path uiwjuk for k 6= i so that M is an edge

monophonic set of G. Let T be any set of vertices such that |T | < |M |. If T ⊂ U , then

there exists a vertex ui ∈ U such that ui /∈ T . Then for any edges uiwj(1 6 j 6 n),

the only monophonic path containing uiwj are uiwjuk(k 6= i) and wjuiwl(l 6= j) and

so uiwj cannot lie in a monophonic path joining two vertices of T . Thus T is not an

edge monophonic set of G. If T ⊂ W , again T is not an edge monophonic set of G

by a similar argument. If T ⊆ U ∪W such that T contains at least one vertex from

each of U and W , then since |T | < |M |, there exist vertices ui ∈ U and wj ∈W such

that ui /∈ T and wj /∈ T . Then clearly the edge uiwj does not lie on a monophonic

path connecting two vertices of T so that T is not an edge monophonic set. Thus

in any case T is not an edge monophonic set of G. Hence M is a minimum edge

monophonic set so that m1(G) = |M | = m. Now, let M1 be a set of vertices such that

|M1| = m. If M1 is a subset of W , then since m < n, there exists a vertex wj ∈ W
such that wj ∈ M1. Then the edge uiwj(1 6 i 6 m) does not lie on a monophonic

path joining a pair of vertices of M1. If M1 ⊆ U ∪W such that M1 contains at least

one vertex from each of U and W , then since M1 6= U , there exists vertices ui ∈ U and

wj ∈ W such that ui /∈ M1 and wj /∈ M1 .Then clearly the edge uiwj does not lie on

a monophonic path joining two vertices of M1 so that M1 is not an edge monophonic

set of G. It follows that U is the unique minimum edge monophonic set of G. Hence

it follows from Theorem 2.2(a) that fm1(G) = 0. Now, let m = n. Then as in the

first part of this theorem, both U and W are minimum edge monophonic sets of G.

Now, let M ′ be any set of vertices such that |M ′| = m and M ′ 6= U,M ′ 6= W . Then

there exist vertices ui ∈ U and wj ∈ W such that ui /∈ M ′ and wj /∈ M ′. Then as

earlier, M ′is not an edge monophonic set of G. Hence it follows that U and W are
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the only two minimum edge monophonic sets of G. Since U is the unique minimum

edge monophonic set containing {ui}, it follows that fm1(G) = 1.

3. Special Graphs

In this section, we present some graphs from which various graphs arising in the-

orem are generated using identification.

The graph Ha is obtained from the F ′i s by identifying the vertices ti−1 of Fi−1

and si of Fi(2 6 i 6 a), where Fi : si, ui, vi, ti, si(1 6 i 6 a) is a copy of the cycle C4.

s t s u u u u
s1 u1 v1 t1 = s2 u2 v2 t2 = s3

u u u u
ua va ta

q qqta−1 = sa

Ha

Figure 3.1

Let Ji : fi, li,mi, ri, ni, fi(1 6 i 6 b) be a copy of the cycle C5. Let Ei be the graph

obtained from Ji by adding a new vertex hi and the edges fihi, hini, himi, hili(1 6
i 6 b). The graph Tb is obtained from E′is by identifying the vertices ri−1 of Ei−1 and

fi of Ei(2 6 i 6 b).

u u uu u
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h2

r1 = f2 u u
uu u
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nb rb

hb

mb

lb

r2 = f3 rb−1 = fbrrr

Tb
Figure 3.2

Let Li : wi, xi, yi, ei, ki, di, wi(1 6 i 6 c) be a copy of the cycle C6. Let Si be the

graph obtained from Li by adding the new edge diyi(1 6 i 6 c). The graph Lc is

obtained from Si’s by identifying the vertices ki−1 of Si−1 and wi of Si(2 6 i 6 c).
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Let Qi : αi, γi, δi, pi, βi, αi be a copy of C5. Let Di be a graph obtained from Qi

by adding a new vertex qi and the edges βiqi, qiδi, qiγi(1 6 i 6 k). The graph Qk is

obtained from D′is by identifying the vertices pi−1 of Di−1 and αi of Di(2 6 i 6 k).
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Figure 3.4

4. Some realization results

Theorem 4.1. For every pair a, b of integers with 0 6 a 6 b and b > 2, there

exists a connected graph G such that fm1(G) = fm(G) = 0, m1(G) = a and m(G) = b.

Proof. If a = b, let G = Ka. Then by Theorem 2.6,fm1(G) = fm(G) = 0 and

m1(G) = m(G) = a. For a < b, let G be the graph obtained from Tb−a by adding new

vertices x, z1, z2, ..., za−1 and joining the edges xf1, rb−az1, rb−az2, ..., rb−aza−1. Let

Z = {x, z1, z2, ..., za−1} be the set of end-vertices of G. Then it is clear that Z is the

unique monophonic set of G and so that m(G) = a and fm(G) = 0.We see that Z is
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not a edge monophonic set of G. Now it is easily seen that W = Z ∪ {l1, l2, ..., lb−a}
is the unique m1-set of G so that m1(G) = b and fm1(G) = 0.

Theorem 4.2. . For every integers a, b and c with 0 6 a < b < c and c > a + b,

there exists a connected graph G such that fm(G) = 0, fm1(G) = a,m(G) = b and

m1(G) = c.

Proof. Case 1. a = 0. Then the graph G constructed in Theorem 4.1 satisfies

the requirements of this theorem.

Case 2. a > 1. Let G be the graph obtained by identifying the vertex ka of La

and f1 of Tc−b−a and then adding new vertices x, z1, z2, ..., zb−1 and joining the edges

w1, rc−b−az1, rc−b−az2, ..., rc−b−azb−1. Let Z = {x, z1, z2, ..., zb−1}be the set of end

vertices of G.Then it is clear that Z is a unique monophonic set G so that m(G) = b

and fm(G) = 0. Next we show that m1(G) = c. Let M be any edge monophonic set

of G. Then by Theorem 1.1, Z ⊆ M . It is clear that Z is not an edge monophonic

set of G. For 1 6 i 6 a, let Mi = {xi, yi, ei}. We observe that every m1-set of G

must contain at least one vertex from each Mi and each lj(1 6 j 6 c− b− a) so that

m1(G) > b+a+c−b−a = c. Now, W = Z∪{l1, l2, ..., lc−b−a}∪{e1, e2, ..., ea} is an edge

monophonic set of G so that m1(G) 6 b + c − a − b + a = c. Thus m1(G) = c.Next

we show that fm1(G) = a. Since every m1-set contains Z ∪ {l1, l2, ...., lc−b−a}, it

follows from Theorem 2.3 that fm1(G) 6 m1(G) − (b + c − b − a) = c − c + a = a.

Now, since m1(G) = c and every m1-set contains Z ∪ {l1, l2, ...., lc−b−a}, it is easily

seen that every m1-set M is of the form Z ∪ {l1, l2, ...., lc−b−a} ∪ {p1, p2, ..., pa},where

pi ∈Mi(1 6 i 6 a). Let T be any proper subset of M with |T | < a. Then there exists

pj(1 6 j 6 a) such that pj ∈ T . Let ej be the vertex of Mj distinct from pj . Then

W = (M − {pj})∪ {ej} is a m1-set properly containing T . Thus M is not the unique

m1-set containing T so that T is not a forcing subset of M . This is true for all m1-

sets containing G so that fm1(G) = a

Theorem 4.3. For every integers a, b and c with 0 6 a < b 6 c and b > a + 1,

there exists a connected graph G such that fm1(G) = 0, fm(G) = a,m(G) = b and

m1(G) = c.

Proof. We consider two cases.

Case 1. a = 0. Then the graph G constructed in Theorem 4.2 satisfies the requirement

of this theorem.

Case 2. a > 1.

Subcase 2a. b = c. Let G be the graph obtained from Qa by adding new

vertices x, z1, z2, ..., zb−a−1 and joining the edges xw1, kaz1, kaz2, ..., kazb−a−1. Let

Z = {x, z1, z2, ..., zb−a−1}. It is clear that Z is not a monophonic set of G. For
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1 6 i 6 a, let Ni = {qi, γi, δi}. We observe that every m-set of G must contain at least

one vertex from each Ni so that m(G) > b−a+a = b. Now W = Z∪{q1, q2, q3, ..., qa}
is a monophonic set of G so that m(G) 6 b − a + a = b. Thus m(G) = b. Next we

show that fm(G) = a. Since every m-set contains M , it follows from Theorem 1.3

that fm(G) 6 m(G) − |Z| = b − (b − a) = a. Now, since m(G) = b and every m-set

contains Z, it is easily seen that every m-set M is of the form Z ∪ {d1, d2, d3, ..., da},
where di ∈ Ni(1 6 i 6 a).Let T be any proper subset of Mwith |T | < a .Then there

exists dj(1 6 j 6 a) such that dj ∈ T .Let ej be the vertex of Nj distinct from dj .

Then W = (M − {dj}) ∪ {ej} is a m-set properly containing T . Thus M is not the

unique m-set containing T so that T is not a forcing subset of M . This is true for

all m-set of G so that fm(G) = a. Next, we show that m1(G) = b. Let M be any

monophonic set of G. Then by Theorem 1.1, Z ⊆M . It is clear that Z is not an edge

monophonic set of G. Now W1 = Z ∪ {q1, q2, ..., qa} is the unique edge monophonic

set of G so that m1(G) = b. It is clear that fm1(G) = 0.

Subcase 2b. b < c. Let G be the graph obtained by identifying the vertex ka
of Qa and f1 of Tc−b and adding new vertices x, z1, z2, ..., zb−a−1 and joining the

edges xw1, rc−bz1, rc−bz2, ..., rc−bzb−a−1. Let Z = {x, z1, z2, ..., zb−a−1} .It is clear

that Z is not a monophonic set of G. For 1 6 i 6 a, let Ni = {qi, γi, δi}. We

observe that every m-set of G must contain at least one vertex from each Ni so that

m(G) > a + b − a = b.Now,W = Z ∪ {q1, q2, ..., qa} is a monophonic set of G so that

m(G) 6 b−a+a = b. Thus m(G) = b. Next we show that fm(G) = a. Since every m-

set contains Z, it follows from Theorem 1.3 that fm(G) 6 m(G)−|Z| = b−(b−a) = a.

Now, since m(G) = b and every m-set contains Z, it is easily seen that every m-set M

is of the form Z ∪ {d1, d2, d3, ..., da}, where di(1 6 i 6 a) such that dj ∈ T . Let ej be

the vertex of Nj distinct from dj . Then W = (M − {dj}) ∪ {ej} is a m-set properly

containing T . Thus M is not the unique m-set containing T so that T is not a forcing

subset of M . This is true for all m-set of G so that fm(G) = a. Next, we show that

m1(G) = c. W = Z ∪ {q1, q2, ..., qa} ∪ {l1, l2, ..., lc−b}is the unique m1 set of G so that

m1(G) = c and fm1(G) = 0.

Theorem 4.4. For every integers a, b and c with 0 6 a < b < c and c > a + b,

there exists a connected graph G such that fm1(G) = fm(G) = a, m(G) = b and

m1(G) = c.

Proof. We consider two cases.

Case 1. a = 0, Then the graph G constructed in Theorem 4.1 satisfies the require-

ments of this theorem.
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Case 2. a > 1.

Subcase 2a. b = c. Let G be the graph obtained from Ha by adding new ver-

tices x, z1, z2, ..., zb−a−1 and joining the edges xs1, taz1, taz2, ..., tazb−a−1. Let Z =

{x, z1, z2, ..., zb−a−1} .It is clear that Z is not a monophonic set of G. For 1 6 i 6 a,let

Ni = {ui, vi}. We observe that every m-set of G must contain at least one vertex

from each Ni so that m(G) > a + b − a = b. Now, W = Z ∪ {u1, u2, u3, ..., ua} is

a monophonic set of G so that m(G) 6 b − a + a = b. Thus m(G) = b. Next, we

show that fm(G) = a. Since every m-set contains Z it follows from Theorem 1.3 that

fm(G) 6 m(G)− |Z| = b− (b− a) = a.Now since m(G) = b and every m-set contains

Z, it is easily seen that every m-set M is of the form Z ∪ {d1, d2, d3, ..., da}, where

di ∈ Ni(1 6 i 6 a). Let T be any proper subset of M with |T | < a. Then there exists

dj(1 6 j 6 a) such that dj ∈ T . Let ej be the vertex of Nj distinct from dj . Then

W = (M− dj )∪ ej is a m-set properly containing T . Thus M is not the unique m-set

containing T sot that T is not a forcing subset of M . This is true for all m-sets of G

so that fm(G) = a. Similarly we can prove that m1(G) = c and fm1(a) = a.

Subcase 2b. b < c. Let G be the graph obtained by identifying the vertices ta of

Ha and f1 of Tb−a and adding the new vertices x, z1, z2, ..., zb−a−1 and joining the edges

xs1, rc−bz1, rc−bz2, ..., rc−bzb−a−1. Let Z = {x, z1, z2, ..., zb−a−1} . Then it is clear that

Z is not an edge monophonic set. For 1 6 i 6 a, let Ni = {ui, vi}. We observe that

every m1-set of G must contain at least one vertex from each Ni and each lj(1 6 j 6
c−b) so thatm1(G) > b−a+a+c−b = c. Now, W = Z∪{l1, l2, ..., lc−b}∪{u1, u2, ..., ua}
is an edge monophonic set of G so that m1(G) 6 b−a+a+c−b = c. Thus m1(G) = c.

Next, we show that fm1(G) = a. Since every m1-set containing Z ∪ {l1, l2, ..., lc−b},
it follows from Theorem 2.3 that fm1(G) 6 m1(G)− (b− a+ c− b) = c+ a− c = a.

Now, since m1(G) = c and every m1-set contains Z, it is easily seen that every m1-set

M is of the form Z∪{l1, l2, ..., lc−b} ∪ {d1, d2, ..., da} where di ∈ Ni(1 6 i 6 a). Let

T be any proper subset of Mwith |T | < a. Then there exists dj(1 6 j 6 a) such that

dj ∈ T . Let ej be the vertex of N distinct from dj . Then W = (M − {dj})∪ {ej} is a

m1-set properly containing T . Thus M is not the unique m1-set containing T so that

T is not a forcing subset of M . This is true for all m1-sets of G so that fm1(G) = a.

Next, we show that m(G) = b and fm(G) = a . This follows from Subcase 2a

Theorem 4.5. For every integers a, b, c and d with 0 6 c 6 d,a 6 b 6 d and

c > a+1 there exists a connected graph G such that fm1(G) = a, fm(G) = b,m(G) = c

and m1(G) = d.

Proof. We consider four cases.

Case 1. a = 0, b > 0. Then the graph G constructed in Theorem 4.4 satisfies the

requirement of this theorem.
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Case 2. a > 0, b = 0. Then the graph G constructed in Theorem 4.2 satisfies the

requirement of this theorem.

Case 3. 0 6 a = b. Then the graph G constructed in Theorem 4.3 satisfies the

requirement of this theorem.

Case 4. 1 6 a < b.

Subcase 4a. c = d. LetG be the graph obtained by identifying the vertices ta ofHa

and α1 of Qb−a and adding the new vertices x, z1, z2, ..., zc−b−1 and joining the edges

xs1, pb−az1, pb−az2, ..., pb−azc−b−1. Let Z = {x, z1, z2, ..., zc−b−1}.Then it is clear that

Z is not an edge monophonic set ofG. For 1 6 i 6 a, letNi = {ui, vi}. We observe that

every m1-set of G must contain at least one vertex from each Ni and qj(1 6 j 6 b−a)

so that m1(G) > b−a+a+c−b = c. Next, let W = Z∪{u1, u2, ..., ua}∪{q1, q2, ..., qb−a}
is an edge monophonic set of G so that m1(G) 6 b−a+a+c−b = c. Thus m1(G) = c.

Next, we show that fm1(G) = a. Since every m1-set contains Z ∪ {q1, q2, ..., qb−a}, it

follows from Theorem 2.3 that fm1(G) 6 m1(G)− (b−a+ c− b) = c+a− c = a. Now,

since m1(G) = c and every m1-set contains Z, it is easily seen that every m1-set M is

of the form Z ∪ {d1, d2, ..., da} ∪ {q1, q2, ..., qb−a} where di ∈ Ni(1 6 i 6 a). Let T be

any proper subset of Mwith |T | < a. Then there exists dj ∈ Nj(1 6 j 6 a) such that

dj /∈ T . Let ej be the vertex of N distinct from dj . Then W = (M − {dj}) ∪ {ej} is

a m1-set G so that fm1(G) = a.Similarly we can prove that m(G) = c and fm(G) = b .

Subcase 4b. c < d. Let R be the graph obtained by identifying the vertex ta of

Ha and α1 of Qb−a. Let G be the graph obtained by identifying the vertices kb−a−1

of R and f1 of Td−c and adding new vertices x, z1, z2, ..., zc−b−1 and joining the edges

xs1, rd−cz1, rd−cz2, ..., rd−czc−b−1. Let Z = {x, z1, z2, ..., zc−b−1} .Then m1-set M is

of the form M = Z ∪{c1, c2, c3, ..., ca}∪{q1, q2, q3, ..., qb−a}∪{l1, l2, l3, ..., ld−c}, where

each ci ∈ Ni(1 6 i 6 a) so that m1(G) = d and fm1(G) = a.The m-set is of the

form M = Z ∪ {c1, c2, c3, ..., ca} ∪ {d1, d2, d3, ..., db−a} , where ci ∈ Ni(1 6 i 6 a) and

dj ∈ Fj = {qi, γi, δi}(1 6 i 6 b− a) so that m(G) = c and fm(G) = d.

Theorem 4.6. For every integers a, b, c and d with a 6 b 6 c 6 d and c > b+ 1,

there exists a connected graph G such that fm(G) = a, fm1(G) = b,m(G) = c and

m1(G) = d.

Proof. Case 1. a = 0, b > 0. Then the graph G constructed in Theorem 4.1

satisfies the requirements of this theorem.

Case 2. b = 0, a > 0. Then the graph G constructed in Theorem 4.2 satisfies the

requirement of this theorem.
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Case 3. 0 6 a = b. Then the graph G construed in Theorem 4.3 satisfies the

requirement of this theorem.

Case 4. 1 6 a 6 b

Subcase 4a. c = d. Then the graph G constructed in Theorem 4.5 satisfies the

requirement of this theorem.

Subcase 4b. c < d. Let X be the graph obtained by identifying the vertices ta of

Ha and α1 of Qb−a. Let G be the graph obtained by identifying the vertices pb−a of X

and f1 of Td−c and adding the new vertices x, z1, z2, ..., zc−b−1 and joining the edges

xw1, rd−cz1, rd−cz2, ..., rd−czc−b−1. Let Z = {x, z1, ..., zc−b−1}. Then the m1-set is of

the form M = Z ∪ {c1, c2, ..., ca} ∪ {q1, q2, ..., qb−a} ∪ {l1, l2, ..., ld−c} whereci ∈ Ni =

{ui, vi} (1 6 i 6 d− c) so that m1(G) = d and fm1(G) = b. The m-set is of the form

Z ∪ {c1, c2, ..., c− a} ∪ {q1, q2, ..., qb−a} where ci ∈ Ni = {ui, vi} (1 6 i 6 a) so that

m(G) = c and fm(G) = a.
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