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Analytic continuation formula for a unified family of
Euler-type elliptic integrals

V.B.L. Chaurasiaa and S.C. Pandeyb

Abstract. Elliptic type integrals have their importance or potential in certain
problems in radiation physics and nuclear technology. A number of earlier works

on the subject contains several interesting unifications and generalizations of some

significant families of elliptic-type integrals. We obtained analytic continuation
formula for a unified family of Euler-type elliptic integral and established region

of convergence for the same in the present investigation.

1. Introduction

Elliptic integrals occur in a number of physical problems ([3], [5], [14]), and fre-
quently in the form of multiple integrals. For example, the problems dealing with
the computation of the radiations field off axis from certain uniform circular disc
radiating according to an arbitrary angular distribution law [7], when treated with
Legendre polynomials expansion method, give rise to Epstein and Hubbell [4, 5] fam-
ily of elliptic-type integrals:

(1.1) Ωj(k) =

∫ π

0

(1− k2 cos θ)−j−
1
2 dθ (j = 0, 1, 2, . . .); {0 6 k < 1}.

Elliptic integrals (1.1) have been studied and generalized by many authors notably
by Kalla [8, 9] and Kalla et al. [11]. Kalla and Al-Saqabi [10], Saxena et al. [20],
Kalla et al. [12], Srivastava and Bromberg [22] and others.

Some of these generalizations are as follows:

Kalla [8, 9] introduced the generalization of the form:

(1.2) Rµ(k, α, γ) =

∫ π

0

cos2α−1(θ/2) sin2γ−2α−1(θ/2)

(1− k2 cos θ)µ+ 1
2

dθ,
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where {0 6 k < 1}; {< (γ) > < (α) > 0, < (µ) > −1

2
}.

Results for this generalization are also derived by Glasser and Kalla [6].

Al-Saqabi [1] defined and studied the generalization given by the integral

(1.3) Bµ(k, m, ν) =

∫ π

0

cos2m(θ) sin2ν(θ)

(1− k2 cos θ)µ+ 1
2

dθ,

where {0 6 k < 1}; {m ∈ N0, µ ∈ C}; {< (µ) > −1

2
}.

Asymptotic expansion of Eq.(1.3) has recently been discussed by Matera et al.
[17].

The integral

(1.4) Λν(α, k) =

∫ π

0

exp[α sin2(θ/2)]

(1− k2 cos θ)ν+ 1
2

dθ,

where {0 6 k < 1}; {α, ν ∈ R}; presents another generalization of Eq.(1.1), given by
Siddiqi [21].

Srivastava and Siddiqi [23] have given an interesting unification and extension of
the families of elliptic-type integrals in the following form:

(1.5) Λ
(α, β)
(λ, µ) (ρ; k) =

∫ π

0

cos2α−1(θ/2) sin2β−1(θ/2)

(1− k2 cos θ)µ+ 1
2

[
1− ρ sin2

(θ
2

)]−λ
dθ,

where {0 6 k < 1}; {< (α) > 0, < (β) > 0}; {λ, µ ∈ C}; |ρ| < 1.

Kalla and Tuan [13] generalized Eq.(1.5) by means of the following integral and
also obtained its asymptotic expansion:
(1.6)

Λ
(α, β)
(λ, γ, µ) (ρ, δ; k) =

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

(θ
2

)
(1− k2 cos θ)−µ−

1
2

·
[
1− ρ sin2

(θ
2

)]−λ [
1 + δ cos2

(θ
2

)]
dθ,

{0 6 k < 1}; {< (α) > 0, < (β) > 0}; {λ, µ, γ ∈ C} and either |ρ|, |δ| < 1 or ρ (or
δ) ∈ C whenever λ = m or γ = −m, m ∈ N0, respectively.

Al-Zamel et al. [2] discussed a generalized family of elliptic-type integrals in the
form:
(1.7)

Z
(α, β)
(γ) (k) = Z

(α, β)
(γ1,...,γn) (k1, . . . , kn) =

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

( θ
x

) n∏
j=1

(1−k2
j cos θ)−γj dθ

= B (α, β)

n∏
j=1

(1− k2
j )−n F

(n)
D

(
β; γ1, . . . , γn; α+ β;

2k2
1

k2
1 − 1

, . . . ,
2k2
n

k2
n − 1

)
,



ANALYTIC CONTINUATION FORMULA FOR A UNIFIED FAMILY 49

where {<(α) > 0, <(β) > 0}; |kj | < 1; {γj ∈ C} (j = 1, . . . , n); F
(n)
D (·) is the Lauricella

hypergeometric function of n variables ([16], p.163).

Saxena and Kalla [19] have studied a family of elliptic-type integrals of the form
(1.8)

Ω
(α, β)
(σ1,...,σn−2:δ, µ) (ρ1, . . . , ρn−2, δ; k) =

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

(θ
2

) n−2∏
j=1

[
1−ρj sin2

(θ
2

)]−σj

·
[
1 + δ cos2

(θ
2

)]−γ
(1− k2 cos θ)−µ−

1
2 dθ,

where {0 6 k < 1}; {< (α) > 0, < (β) > 0}; {σj (j = 1, . . . , n− 2)}; {γ, µ ∈ C};

max

{
|ρj |,

∣∣∣∣ δ

1 + δ

∣∣∣∣ , ∣∣∣∣ 2k2

k2 − 1

∣∣∣∣} < 1.

In a recent paper, Saxena and Pathan [18] investigated an extension of Eq.(1.8)
in the form:
(1.9)

Ω
(α, β)
(σ1,...,σm, γ; τ1,...,τn) (ρ1, . . . , ρm, δ; λ1, . . . , λn)

=

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

(θ
2

) m∏
i=1

[
1−ρi sin2

(θ
2

)]−σi

·
[
1 + δ cos2

(θ
2

)]−γ n∏
j=1

(1− λ2
j cos θ)−τj dθ,

where min{<(α), <(β)} > 0; |λj | < 1; {σi, γ, τj ∈ C};

max

{
|ρj |,

∣∣∣∣∣ 2λ2
j

λ2
j − 1

∣∣∣∣∣ ,
∣∣∣∣ δ

1 + δ

∣∣∣∣
}
< 1 (i = 1, . . . ,m, j = 1, . . . , n).

Here we consider a unified and generalized form of a family of elliptic-type inte-
grals:
(1.10)

Ω̄
(α, β)
(λi, τj) {(ρi), (δi); kj} = Ω̄

(α, β)
λ1,...,λN , τ1,...,τM

(ρ1, . . . , ρN , δ1, . . . , δN ; k1, . . . , kM )

=

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

(θ
2

) N∏
i=1

[
1+ρi sin2

(θ
2

)
+δi cos2

(θ
2

)]−λi
M∏
j=1

[1−k2
j cos θ]−τj dθ,

{λi, τj ∈ C};

max

{
|ρi|, |δi|,

∣∣∣∣∣ 2k2
j

kj
2 − 1

∣∣∣∣∣ ,
∣∣∣∣δi − ρi1 + δi

∣∣∣∣
}
< 1 (i = 1, . . . , N, j = 1, . . . ,M).

For λi = . . . = λN = 0, Eq.(1.10) reduces to Eq.(1.7). Further if we set τ1 = µ+
1/2, τ2 = . . . = τM = 0 and for i = 1, . . . , N −2, ρi = −ρi, δi = 0 with ρN−1 = ρN =
δN−1 = 0, δN = δ, Eq.(1.10) yields the family of elliptic-type integrals introduced by
Saxena and Kalla [19]. Also if we set ρi = −ρi, δi = 0 (for i = 1, . . . , N − 1) with
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ρN = 0, δN = δ, Eq.(1.10) reduces to Eq.(1.9). So elliptic type integrals given by
Eq.(1.10) includes all the generalizations discussed in Eq.(1.7), Eq.(1.8) and Eq.(1.9).

2. Relations with other families of elliptic-type integrals

On comparing our result (1.10) with the definitions (1.2) - (1.6) we get the following
relationships:
(2.1)

Ω̄
(α, γ−α)

(0, . . . , 0︸ ︷︷ ︸
N

, µ+1/2,0, . . . , 0︸ ︷︷ ︸
M−1

)
(ρ1, . . . , ρN , δ1, . . . , δN ; k, 0, . . . , 0)︸ ︷︷ ︸

M−1

= Ω̄
(α, γ−α)

(λ1,...,λN , µ+1/2,0, . . . , 0︸ ︷︷ ︸
M−1

)
(0, . . . , 0︸ ︷︷ ︸

N

, 0, . . . , 0︸ ︷︷ ︸
N

, 0, . . . , 0︸ ︷︷ ︸
M−1

) = Rµ (k, α, γ)

where {0 6 k < 1}; {< (γ), < (α) > 0}; {µ ∈ C}.
(2.2)

Ω̄
(ν+1/2, ν+1/2)

(−2m,0, . . . , 0︸ ︷︷ ︸
N−1

, µ+1/2,0, . . . , 0)︸ ︷︷ ︸
M−1

(−2, ρ2, . . . , ρN , 0, δ2, . . . , δN ; k, 0, . . . , 0︸ ︷︷ ︸
M−1

)

= Ω̄
(ν+1/2, ν+1/2)

(−2m,λ2,...,λN , µ+1/2,0, . . . , 0)︸ ︷︷ ︸
M−1

(−2, 0, . . . , 0︸ ︷︷ ︸
N−1

, 0, . . . , 0︸ ︷︷ ︸
N

; k, 0, . . . , 0︸ ︷︷ ︸
M−1

) = 2−2ν Bµ(k, m, ν)

where {0 6 k < 1}; {m ∈ N0, µ ∈ C}; {<(ν) > −1

2
}.

(2.3)

lim
λ→∞

[
Ω̄

(1/2, 1/2)

(λ,0, . . . , 0︸ ︷︷ ︸
N−1

, µ+1/2,0, . . . , 0︸ ︷︷ ︸
M−1

)
(−ρ/λ, 0, . . . , 0︸ ︷︷ ︸

N−1

, 0, . . . , 0︸ ︷︷ ︸
N

; k, 0, . . . , 0︸ ︷︷ ︸
M−1

)
]

= Λµ(ρ; k)

where {0 6 k < 1}; {λ} and {µ ∈ C}.
(2.4)

Ω̄
(α, β)

(λ,0, . . . , 0︸ ︷︷ ︸
N−1

, µ+1/2,0, . . . , 0︸ ︷︷ ︸
M−1

)
(−ρ, ρ2, . . . , ρN , 0, δ2, . . . , δN ; k, 0, . . . , 0︸ ︷︷ ︸

M−1

)

= Ω̄
(α, β)

(λ, λ2,...,λN , µ+1/2,0, . . . , 0)︸ ︷︷ ︸
M−1

(−ρ, 0, . . . , 0︸ ︷︷ ︸
N−1

, 0, . . . , 0︸ ︷︷ ︸
N

; k, 0, . . . , 0︸ ︷︷ ︸
M−1

= Λ
(α, β)
(λ, µ) (ρ; k)

where {0 6 k < 1}; {<(α) > 0, <(β) > 0}; {λ, µ ∈ C}; |ρ| < 1.
(2.5)

Ω̄
(α, β)

(λ,0, . . . , 0︸ ︷︷ ︸
N−2

, γ;µ+1/2,0, . . . , 0︸ ︷︷ ︸
M−1

)
(−ρ, ρ2, . . . , ρN , δ1, δ2, . . . , δN−1, δ; k, 0, . . . , 0)

= Ω̄
(α, β)

(λ, λ2,...,λN−1, γ;µ+1/2,0, . . . , 0)︸ ︷︷ ︸
M−1

(−ρ, 0, . . . , 0︸ ︷︷ ︸
N−1

, 0, . . . , 0︸ ︷︷ ︸
M−1

, δ; k, 0, . . . , 0︸ ︷︷ ︸
M−1

= Λ
(α, β)
(λ, γ, µ) (ρ, δ; k)
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where {0 6 k < 1}; {<(α) > 0, <(β) > 0}; {λ, µ, γ ∈ C}; either |ρ| < 1, |δ| < 1 or ρ
(or δ) ∈ C, whenever λ = −m (or γ = −m); m ∈ N0.

3. Analytic continuation of the generalized family elliptic-type integrals

In the section 1, we have considered a new family of unified and generalized elliptic-
type integrals given as:

(3.1)

Ω̄
(α, β)
(λi, τj) {(ρi), (δi); kj} = Ω̄

(α, β)
λ1,...,λN , τ1,...,τM

(ρ1, . . . , ρN , δ1, . . . , δN ; k1, . . . , kM )

=

∫ π

0

cos2α−1
(θ

2

)
sin2β−1

(θ
2

) N∏
i=1

[
1+ρi sin2

(θ
2

)
+δi cos2

(θ
2

)]−λi
M∏
j=1

[1−k2
j cos θ]−τj dθ,

where min({< (α), < (β)} > 0, |kj | < 1; λi, τj ∈ C;

max

{
|ρi|, |δi|,

∣∣∣∣∣ 2k2
j

kj
2 − 1

∣∣∣∣∣ ,
∣∣∣∣δi − ρi1 + δi

∣∣∣∣
}
< 1 (i = 1, . . . , N and j = 1, . . . ,M),

which can be also explicitly represented in the form

(3.2)

Ω̄
(α, β)
(λ1,...,λN ; τ1,...,τM ) (ρ1, . . . , ρN , δ1, . . . , δN ; k1, . . . , kM ) = B (α, β)

M∏
j=1

(1−k2
j )−τj

N∏
i=1

[(1+δi)
−λi ]

·F (M+N)
D

[
β, τ1, . . . , τM , λ1, . . . , λN ; α+β;

2k2
1

k2
1 − 1

, . . . ,
2k2
M

k2
M − 1

,
δ1 − ρ1

1 + δ1
, . . . ,

δN − ρN
1 + δN

]
,

where FM+N
D (·) is the Lauricella function of (M + N) variables. Valid under the

conditions min{< (α), < (β)} > 0, |kj | < 1;

max

{
|ρi|, |δi|,

∣∣∣∣∣ 2k2
j

kj
2 − 1

∣∣∣∣∣ ,
∣∣∣∣δi − ρi1 + δi

∣∣∣∣
}
< 1 (i = 1, . . . , N, j = 1, . . . ,M),

On employing the following formula ([16], p.163):
(3.3)
Γ (α) Γ (γ − α)

Γ (γ)
F

(n)
D [α, β1, . . . , βn; γ; x1, . . . , xn]

=

∫ 1

0

uα−1 (1−u)γ−α−1 (1−ux1)−β1 . . . (1−uxn)−βn du,

where {< (γ) > 0, < (α) > 0}, in Eq.(3.1), we get the following useful form involving
Euler-type elliptic integral:

(3.4)

Ω̄
(α, β)
(λ1,...,λN ; τ1,...,τM ) (ρ1, . . . , ρN , δ1, . . . , δN ; k1, . . . , kM ) =

M∏
j=1

(1−k2
j )−τj

N∏
i=1

(1+δi)
−λi
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·
∫ 1

0

ωβ−1 (1− ω)α−1
M∏
j=1

[
1−

2ωk2
j

k2
j − 1

]−τj N∏
i=1

[
1− (δi − ρi)ω

1 + δi

]−λi

dω,

{0 6 k2
j < 1}; {< (α) > 0, < (β) > 0},

∣∣∣∣∣ 2k2
j

k2
j − 1

∣∣∣∣∣ < 1,

∣∣∣∣δi − ρi1 + δi

∣∣∣∣ < 1,

for i = 1, . . . , N, j = 1, . . . ,M.
To carry out the analytic continuation we need to show that the above integral in
Eq.(3.4) has meaning and gives analytic function of ρi, δi and kj (for i = 1, 2, . . . , N, j =
1, 2, . . . ,M) in the domain where ρi in the complex plane cut along [−1, ∞) and δi is in
the complex plane cut along [−1, ∞). Or ρi in the complex plane cut along (−∞, −1]
and δi is in the complex plane cut along (−∞, −1] and k2

j is in the complex plane cut
along the intervals (−∞, −1] and [1, ∞). Suppose that ρi, δi (for i = 1, 2, . . . , N)
and kj (for j = 1, 2, . . . ,M) are belonging to the closed domain defined by

(3.5) ρi1 6 |ρi + 1| 6 ρi2, |arg(1 + ρi)| 6 π − ρi3

(3.6) δi1 6 |δi + 1| 6 δi2, |arg(1 + δi)| 6 π − δi3

(3.7) k+
j1 6 |kj + 1| 6 k+

j2, |arg(1 + kj)| 6 π − k+
j3

(3.8) k−j1 6 |kj − 1| 6 k−j2, |arg(1− kj)| 6 π − k−j3;

where ρi1, ρi3, δi1, δi3, k
±
j1, k

±
j3 are arbitrary small positive numbers and ρi2, δi2, k

±
j2

are arbitrary large positive numbers (for i = 1, 2, . . . , N, j = 1, 2, . . . ,M). Further-
more, If 0 < ω < 1, then the integrand

(3.9) ωβ−1 (1− ω)α−1
N∏
i=1

[
1− (δi − ρi)ω

1 + δi

]−λi
M∏
j=1

[
1−

2ωk2
j

k2
j − 1

]−τj
is continuous in ω and analytic in each of ρi, δi and kj , and we need only to show that
the integral is uniformly convergent in the indicated region [15], section (9.1). But
this follows at once from the estimate
(3.10)∣∣∣∣∣∣ωβ−1 (1− ω)α−1

N∏
i=1

[
1− (δi − ρi)ω

1 + δi

]−λi
M∏
j=1

[
1−

2ωk2
j

k2
j − 1

]−τj ∣∣∣∣∣∣ 6 Mω< (β)−1 (1− ω)
< (α)−1

,

where M is the maximum value of the continuous function

(3.11)

∣∣∣∣∣∣
N∏
i=1

[
1− (δi − ρi)ω

1 + δi

]−λi
M∏
j=1

[
1−

2ωk2
j

k2
j − 1

]−τj ∣∣∣∣∣∣ ,
for ω ∈ [0, 1], and ρi, δi and kj in the domain defined by (3.5)-(3.8). In addition to
that, the integral

M

∫ 1

0

ω< (β)−1 (1− ω)
< (α)−1

dω,
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converges for {< (α) > 0, < (β) > 0}. Thus the conditions stated in Eq.(3.1), Eq.(3.2)
and Eq.(3.4) can be dropped and the desired analytic continuation of the elliptic-type
integral is given by the formula
(3.12)

Ω̄
(α, β)
(λ1,...,λN ; τ1,...,τM ) (ρ1, . . . , ρN , δ1, . . . , δN ; k1, . . . , kM ) =

M∏
j=1

(1−k2
j )−τj

N∏
i=1

(1+δi)
−λi

·
∫ 1

0

ωβ−1 (1− ω)α−1
M∏
j=1

[
1−

2ωk2
j

k2
j − 1

]−τj N∏
i=1

[
1− (δi − ρi)ω

1 + δi

]−λi

dω

with the conditions <(α) > 0, <(β) > 0,
∣∣arg(1 + k2

j )
∣∣ < π, |arg(1 + ρi)| < π,

|arg(1 + δi)| < π (for i = 1, 2, . . . , N, j = 1, 2, . . . ,M).
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