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ON SOME QUESTIONS OF wN-SPACES

XUN GE

Abstract. In this paper, we show that a quotient space obtained from the
butterfly space is a separable, MCP -space and is not a wN-space, which an-
swers a question on wN -spaces negatively. We also prove that a locally count-
ably compact space X is an MCP -space if and only if it is a kcβ-space, which
give a partial answer for a question on MCP -spaces.

MCP -spaces and wN -spaces were investigated and the following question were
raised by C. Good, R. Knight and I. Stares in [5].

Question 1. (1) Is there a separable MCP -space that is not wN?
(2) Is there a (reasonable) g-function characterization of MCP spaces?

In this paper, we answer Question 1(1) negatively and give a partial answer of
Question 1(2). Throughout this paper, all spaces are assumed to be regular and all
mappings are continuous and onto. The letter ω denotes the first infinite ordinal,
the letter R denotes the set of all real numbers. Let A be a subset of a space, Ā
and A◦ denote closure and interior of A, respectively. Let {An} and {Bn} be two
sequences of sets, we write {An} ¹ {Bn} if An ⊂ Bn for every n ∈ ω.

Definition 2. A space X is called to be an MCP -space ([5]), if there exists an
operator U assigning to every decreasing sequence D={Dn} of closed subsets of X
with empty intersection, a sequence U(D)={U(n,D)} of open subsets of X such
that the following hold.

(1) Dn ⊂ U(n,D) for every n ∈ ω.
(2)

⋂
n∈ω U(n,D) = ∅.

(3) If D ¹ E , then U(D) ¹ U(E).

Definition 3. Let X be a space. g : ω ×X −→ {open subsets of X} is called to
be a g-function on X if x ∈ ⋂

n∈ωg(n, x) for every x ∈ X. A space X is called to be
a wN -space ([6]) (resp. a q-space ([8]), a kcβ-space ([11])) if there is a g-function
on X such that the following (1) (resp. (2), (3)) holds.

(1) If g(n, x)
⋂

g(n, xn) 6= ∅ for every n ∈ ω, then the sequence {xn} has a cluster
point.

(2) If xn ∈ g(n, x) for every n ∈ ω, then the sequence {xn} has a cluster point.
(3) Let K be a countably compact subset of X. If K

⋂
g(n, xn) 6= ∅ for every

n ∈ ω, then the sequence {xn} has a cluster point.
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Definition 4. A space X is called to be stratifiable ([2]) if there is a function
S : ω × τ −→ {closed subsets of X}, where τ is the topology on X, such that
following (1) and (2) hold.

(1) If U ∈ τ , then U = ∪n∈ω(S(n,U))◦.
(2) If U , V ∈ τ and U ⊂ V , then S(n,U) ⊂ S(n, V ) for every n ∈ N .

Remark 5. The following are known (see [5], for example).
(1) Stratifiable =⇒ MCP .
(2) wN ⇐⇒ q, MCP .

Construction 6. Let X = {(x, y) : x, y ∈ R}. X is the butterfly space ([3]), if the
topology on X is generated as follows.

(1) If (x, y) ∈ X, where y 6= 0, then neighborhoods of (x, y) are the natural
neighborhoods of (x, y) on the Euclidean plane R2.

(2) If (x, 0) ∈ X, then take as a base at the point (x, 0) the family {{(x, 0)} ∪
Un(x) : n ∈ ω}, where Un(x) is the set of all points inside the circle of radius 1/n
and center at (x, 0) but outside the two circles of radius n tangent to the x-axis at
(x, 0).

Remark 7. The butterfly space is hereditarily separable ([9, Page 175-176]) and
stratifiable ([7, Example 4.3]).

By Remark 5, the following example give a negative answer for Question 1(1).

Example 8. There is a hereditarily separable, stratifiable space, which is not a
q-space.

Proof. Let X be the butterfly space and let I be a closed bounded interval on the
real axis. Let Y be the quotient space obtained from X by shrinking I to a point.
Put f : X −→ Y is the natural quotient mapping. It is clear that f is a closed
mapping. Note that closed mappings preserve hereditarily separable spaces and
stratifiable spaces ([2]). So Y is a hereditarily separable, stratifiable space from
Remark 7, but Y is not a q-space from [7, Example 4.3]. ¤

The following lemma come from [4, Theorem 1].

Lemma 9. A space X is an MCP -space if and only if there is an operator V
assigning to every closed subset F of X, a sequence V (F )={Vn(F )} of open subsets
of X such that the following hold.

(1) Vn+1(F ) ⊂ Vn(F ) and F ⊂ Vn(F ) for every closed subset F of X and every
n ∈ ω.

(2) If E and F are closed subsets of X and E ⊂ F , then Vn(E) ⊂ Vn(F ) for
every n ∈ ω.

(3) If {Fn} is a decreasing sequence of closed subsets of X and
⋂

n∈ω Fn = ∅,
then

⋂
n∈ω Vn(Fn) = ∅.

Proposition 10. If X is an MCP -space, then X is a kcβ-space.

Proof. Let X be an MCP -space. By Lemma 9, there is an operator V assigning
to every closed subset F of X, a sequence V (F )={Vn(F )} of open subsets of X
satisfying Lemma 9(1),(2),(3). For every n ∈ ω and for every x ∈ X, put g(n, x) =
Vn({x}). Then g(n, x) is a g-function on X. Let K be a countably compact subset
of X and K

⋂
g(n, xn) 6= ∅ for every n ∈ ω, It suffices to prove that {xn : n ∈ ω}

has a cluster point. If not, put Fn = {xm : m ≥ n}. Then {Fn : n ∈ ω} is
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a decreasing sequence of closed subsets of X with empty intersection. By Lemma
9(3),

⋂
n∈ω Vn(Fn) = ∅. On the other hand, for every n ∈ ω, K

⋂
g(n, xn) 6= ∅, that

is, K
⋂

Vn({xn}) 6= ∅. For every n ∈ ω, notice that xn ∈ Fn, so K
⋂

Vn(Fn) 6= ∅
from Lemma 9(2). Thus {K ⋂

Vn(Fn) : n ∈ ω} is a countable collection of closed
subsets of countably compact subspace K which has the finite intersection property.
Hence

⋂
n∈ω(K

⋂
Vn(Fn)) 6= ∅, so K

⋂
(
⋂

n∈ω Vn(Fn)) 6= ∅. This contradicts that⋂
n∈ω Vn(Fn) = ∅. ¤

Proposition 11. If X is a locally countably compact, kcβ-space, then X is an
MCP -space.

Proof. Let X be a locally countably compact, kcβ-space, and let g(n, x) be a g-
function on X which satisfies Definition 3(3). For every closed subset F of X, put
V (F ) = {Vn(F )}, where Vn(F ) =

⋃{g(n, x) : x ∈ F} for every n ∈ ω. It is easy
to see that the operator V described as above satisfies Lemma 9(1),(2). We only
need to prove that the operator V satisfies Lemma 9(3). Let {Fn : n ∈ ω} is a
decreasing sequence of closed subsets of X with empty intersection. It suffices to
prove that

⋂
n∈ω Vn(Fn) = ∅. If not,

⋂
n∈ω Vn(Fn) 6= ∅, then there exists p ∈ X

such that p ∈ Vn(Fn) for every n ∈ ω. Since X is locally countably compact, there
exists a countable compact neighborhood K of p. Note that K

⋂
Vn(Fn) 6= ∅ for

every n ∈ ω. So there exists xn ∈ Fn such that K
⋂

g(n, xn) 6= ∅. Thus sequence
{xn : n ∈ ω} has a cluster point x from Definition 3(3). It is easy to see that
x ∈ ⋂

n∈ω Fn. This contradicts that
⋂

n∈ω Fn = ∅. ¤
Note that every locally countably compact, MCP -space is a wN -space ([5, The-

orem 8]). So every locally countably compact, kcβ-space is a wN -space.

Theorem 12. A locally countably compact space X is an MCP -space (or wN -
space) if and only if it is a kcβ-space.

We do not know whether ”locally countably compact” in Proposition 11 can be
omitted. That is, we have the following question.

Question 13. Is a kcβ-space an MCP -space?

Recall a A mapping f : X −→ Y is finite-to-one (resp. k-to-one), if f−1(y)
consists of finite points (exactly k points) in X for each y ∈ Y . Tanaka[10, Ex-
ample 3.2] gave an example to show that finite-to-one and open mappings do not
preserve wN -spaces, that is, [5, Proposition 18] is not true. An interesting question
is: How open mappings preserve wN -spaces? Note that every k-to-one and open
mappings is a closed mapping ([1, Lemma 1 and Lemma 2]) and finite-to-one and
closed mappings preserve wN -spaces ([4, Corollary 11]). We have the following
proposition.

Proposition 14. Let f : X −→ Y be a k-to-one and open mapping. If X is a
wN -space, then Y is a wN -space.
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