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Universidad Técnica Federico Santa Maŕıa
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Asymptotic formulas for unified elliptic type integrals having
H-function

V. B. L. Chaurasia* and Anil Sharma**

Abstract. The object of the present paper is to introduce H-function in elliptic integral

theory and to discuss about its asymptotic formulas. It is a unification and generalization
of certain families of elliptic-type integrals which were studied in a number of earlier works

on the subject due to their importance for possible applications in certain problems arising

in radiation physics and nuclear technology. The obtained results are of general character
and include the investigations carried out by several authors.

1.Introduction

Elliptic integrals occur in a number of physical problems [1,13], and frequently in
the form of multiple integrals. For example, the problems dealing with the computation of the
radiations field off axis from certain uniform circular disc radiating according to an arbitrary
angular distribution law [4], when treated with Legendre polynomials expansion method, give
rise to Epstein and Hubbell [2,5] family of elliptic-type integrals:

Ωj(k) =
∫

(1− k2cosθ)
−j− 1

2 dθ ; j = 0, 1, 2,... (1.1)

and 0 < k < 1.
Elliptic integrals (1.1) have been studied and generalized by many authors notably by

Kalla [6,14] and Kalla et al. [7], Kalla and Al-Saqabi [8] and Saxena et al. [20], Kalla et al.
[9], Srivastava and Bromberg [15] and others. We now describe the various generalizations of
(1.1) as follows.

Kalla [6,14] introduced the generalization of the form:

Rµ(k,α, γ) =
∫ π

0

cos2α−1(θ/2)sin2γ−2α−1(θ/2)

(1− k2cosθ)µ+1/2
dθ , (1.2)

where 0 6 k < 1, Re(γ) > Re(α) > 0, Re(µ) > −1/2. Results for this generalization are also
derived by Glasser and Kalla [11].
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Al-Saqabi [10] defined and studied the generalization given by the integral

Bµ(k,m,ν) =
∫ π

0

cos2m(θ)sin2ν(θ)

(1− k2cosθ)µ+1/2
dθ, (1.3)

asymptotic expansion of (1.3) has recently been discussed by Matera et al. [21].
The integral

Λν(α, k) =
∫ π

0

exp[αsin2(θ/2)]

(1− k2cosθ)ν+1/2
dθ, (1.4)

where 0 6 k < 1, α, ν ∈ R; presents another generalization of (1.1), given by Siddiqi [12].
Srivastava and Siddiqi [16] have given an interesting unification and extension of the

families of elliptic-type integrals in the following form:

Λ
(α,β)

(λ,µ)(ρ, k) =
∫ 1

0

cos2α−1(θ/2)sin2β−1(θ/2)

(1− k2cosθ)µ+ 1
2

[
1− ρ sin2

(
θ

2

)]−λ

dθ, (1.5)

where 0 6 k < 1, Re(α) > 0, Re(β) > 0, λ, µ ∈ C, |ρ| < 1.
Kalla and Tuan [17] generalized equation (1.5) by means of the following integral and

also obtained its asymptotic expansion

Λ
(α,β)

(λ,γ,µ)(ρ, δ; k) =
∫ 1

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

)
(1− k2cosθ)

−µ−1/2

×
(

1− ρsin2

(
θ

2

))−λ (
1 + δ cos2

(
θ

2

))
dθ, (1.6)

where 0 6 k < 1, Re(α) > 0, Re(β) > 0, λ, µ, γ ∈ C and either |ρ|, |δ| < 1 or ρ(orδ) ∈ C
whenever λ = m or γ = −m,m ∈ N0, respectively.

Al-Zamel et al. [18] discussed a generalized family of elliptic-type integrals in the form:

Z
(α,β)

(γ) (k) = Z
(α,β)

(γ1,...,γn)(k1, ..., kn)

=
∫ π

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

) n∏
j=1

(1− k2
j cosθ)

−γj dθ

= B(α, β)
n∏

j=1

(1− k2
j )
−γjF

(n)

D

(
β; γ1, ..., γn; α+ β ;

2k2
1

k2
1 − 1

, ...,
2k2

n

k2
n − 1

)
, (1.7)

where Re(α) > 0, Re(β) > 0, | kj| < 1, γj ∈ C, j = 1,...,n,F
(n)

d (.) is the Lauricella hypergeo-
metric function of n variables [24, p.163].

Saxena and Kalla [19] have studied a family of elliptic-type integrals of the form:

Ω
(α,β)

(σ1,...,σn−2:δ,µ)(ρ1, ..., ρn−2, δ; k)

=
∫ π

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

) n−2∏
j=1

[
1− ρjsin2

(
θ

2

)]−σj
[
1 + δ cos2

(
θ

2

)]−γ

× (1− k2cosθ)−µ−1/2 dθ, (1.8)
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where 0 6 k < 1,Re(α) > 0, Re(β) > 0; σj (j = 1,...,n− 2), γ, µ ∈ C;

max
{
| ρj| ,

∣∣∣ δ
1+δ

∣∣∣ , ∣∣∣ 2k2

k2−1

∣∣∣} < 1.
In a recent paper, Saxena and Pathan [23] investigated an extension of Equation (1.8)

in the form:
Ω

(α,β)

(σ1,...,σm, γ ; τ1,...,τn)(ρ1,...,ρm,δ; λ1,...,λn)

=
∫ π

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

) m∏
i=1

[
1− ρisin2

(
θ

2

)]−σi

×
[
1 + δ cos2

(
θ

2

)]−γ n∏
j=1

(1− λ2
j cosθ)

−τjdθ, (1.9)

where min[Re(α), Re(β)] > 0; |λj| < 1 ; σi, γ, τj ∈ C ;

max
{
|ρj|,

∣∣∣ 2λ2
j

λ2
j−1

∣∣∣ , ∣∣∣ δ
1+δ

∣∣∣} < 1 (i = 1,...,m; j = 1,...,n).

Garg et al. [22] gave a new concept of elliptic-type integrals in the form

A
(α,β)

(a,b,c)(k) = A
(α,β)

(a1,...,an, b1,...,bn, c1,...,cn) (k)

=
∫ π

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

) n∏
j=1

{
2F1

(
aj,bj; cj;

(
k2
j

k2
j − 1

)
(1− cosθ)

)}
dθ, (1.10)

where Re(α) > 0, Re(β) > 0, | kj | < 1, j = 1,...,n.
Here we consider a new unified and generalized form of a family of elliptic type integrals:

H
(α,β)

(σi,kj)
[(ρi), (δi); λj]

=
∫ π

0

cos2α−1

(
θ

2

)
sin2β−1

(
θ

2

) m∏
i=1

[
ρi sin2

(
θ

2

)
+ δi cos2

(
θ

2

)]−σi

×
n∏

j=1

Γ(cj)
Γ(aj) Γ(bj)

{
H

m′,n′

p,q

[
k2
j

(1− k2
j )

(1− cosθ)−τj

∣∣∣∣∣(a
(j)
j′ ,α

(j)
j′ )

1,p

(b
(j)
j′ ,β

(j)
j′ )

1,q

]}
dθ, (1.11)

where min[Re(α), Re(β − τjs)] > 0, | kj | < 1 ; σi, τj ∈ C ; max
{
| ρj| , | δj | ,

∣∣∣ δi−ρi
δi

∣∣∣ } <

1 , (i = 1,...,m; j = 1,...,n), where H
m′,n′

p,q (z) is H-function introduced by Charles Fox [3] in
1961.
2.Special Cases

Taking m′ = 1,n′ = p = q = 2, τj = − 1, σi = 0 ; a(j)
1 = (1 − aj), a(j)

2 = (1 − bj),
α

(j)
1 = α

(j)
2 = β

(j)
1 = β

(j)
2 = 1, b(j)

1 = 0, b(j)
2 = (1− cj) in (1.11) and simplifying, we get elliptic

type integral defined by Garg et al. [22]. Further several more well known special cases can be
defined as given in Garg et al. [22].
3. Explicit representation and asymptotic expansion

From (1.11), it follows that

H
(α,β)

(σi,kj)
[(ρi), (δi) ; λj]
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=
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

∫ 1

0

(1− t)α−1 tβ−τjs−1

[
1−

(
δi − ρi

δi

)
t
]−σi

dt. (3.1)

On employing the formula [24, p.163]

Γ(α) Γ(γ − α)
Γ(γ)

F
(n)

D [α, β1, ..., βn; γ ; x1, ..., xn]

=
∫ 1

0

vα−1(1− v)γ−α−1(1− vx1)
−β1 ... (1− vxn)−βndv, (3.2)

where Re(γ) > 0, Re(α) > 0, (3.1) becomes

H
(α,β)

(σj,kj)
[(ρi), (δi) ; λj]

=
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n′+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

Γ(α) Γ(β − τjs)
Γ(α+ β − τjs)

×F
(m)

D

[
α, σ1, ..., σm; α+ β − τjs ;

δ1−ρ1

δ1
, ...,

δm − ρm

δm

]
, (3.3)

where F
(m)

D (.) is the Lauricella function of m variables, min[Re(α), Re(β−τjs)] > 0 ; σi, τj ∈ C;

max
{
| ρj | , |δj| ,

∣∣∣ δi− ρi
δi

∣∣∣ } < 1 (i = 1,...,mandj = 1,...,n).
We will now derive the asymptotic expansion of the generalized elliptic type integral

(1.11). Expressing the Lauricella hypergeometric type function F
(m)

D (.) in terms of Gauss hy-
pergeometric function, we obtain

F
(m)

D

[
α, σ1, ..., σm; α+ β − τjs;

δ1 − ρ1

δ1
, ...,

δm − ρm

δm

]

=
∞∑

n1,...,nm−1=0

(α)n1+...+nm−1

(α+ β − τjs)n1+...+nm−1

(b1)n1
...(bm−1)nm−1

n1!...nm−1!

(
δ1 − ρ1

δ1

)n1

...
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δm−1 − ρm−1

δm−1

)nm−1

2F1

[
α+ n1 + ...+ nm−1, σm; α+ β − τns + n1 + ...+ nm−1;

δm − ρm

δm

]
.

(3.4)
If α − σm is not an integer, then by an appeal to the analytic continuation formula for the
Gauss hypergeometric function [25, p.559, equation 15.3.7] namely

2F1 (a,b; c; z) =
Γ(c)Γ(b− a)
Γ(b) Γ(c− a)

(−z)−a
2F1

[
a, 1− c + a; 1− b + a;

1
z

]

+
Γ(c)Γ(a− b)
Γ(a) Γ(c− b)

(−z)−b
2F1

[
b, 1− c + b; 1− a + b;

1
z

]
, (3.5)

where |arg(−z)| < Π, we have

2F1

[
α+ n1 + ...+ nm−1, σm; α+ β − τjs + n1 + ...+ nm−1;

δm − ρm

δm

]

=
Γ(α+ β − τjs + n1 + ...+ nm−1) Γ(σm − α− n1 − ...− nm−1)

Γ(σm) Γ(β − τjs)

(
δm

ρm − δm

)α+n1+...+nm−1

× 2F1

[
α+ n1 + ...+ nm−1, 1− β + τns; 1− σm + α+ n1 + ...+ nm−1;

δm
δm − ρm

]
+

Γ(α+ β − τjs + n1 + ...+ nm−1) Γ(α− σm + n1 + ...+ nm−1)
Γ(α+ n1 + ...+ nm−1) Γ(α+ β − τjs− σm + n1 + ...+ nm−1)

(
δm

ρm − δm

)σm

× 2F1

[
σm, 1− α− β + τjs + n1 + ...+ nm−1; 1− α+ σm − n1 − ...− nm−1;

δm
δm − ρm

]
(3.6)

=
Γ(α+ β − τjs) Γ(α− σm)

Γ(σm) Γ(β − τjs)

(
δm

ρm − δm

)α (α+ β − τjs)n1+...+nm−1

(1 + α− σm)n1+...+nm−1(
δm

δm − ρm

)n1+...+nm−1

2F1

[
α+ n1 + ...+ nm−1, 1− β + τjs; 1− σm + α+ n1 + ...+ nm−1;

δm
δm − ρm

]

+
Γ(α+ β − τjs) Γ(α− σm)
Γ(α) Γ(α+ β − τjs−sm)

(
δm

ρm − δm

)σm (α+ β − τjs)n1+...+nm−1
(α− σm)n1+...+nm−1

(α)n1+...+nm+1
(α+ β − τjs− σm)n1+...+nm+1

× 2F1

[
σm, 1− α− β + τjs + σm + n1 + ...+ nm−1; 1− α+ σm − n1 − ...− nm−1;

δm
δm − ρm

]
.

(3.7)
If we combine (3.3), (3.4) and (3.7), then we have the result

H
(α,β)

(σi,kj)
[(ρi), (δi) ; λj]

=
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)
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×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

Γ(α)Γ(α− σm)
Γ(σm)

(
δm

ρm − δm

)α ∞∑
n1,...,nm−1=0

×
(α)n1+...+nm−1

(1 + α− σn)n1+...+nm−1

(b1)n1
...(bm−1)nm−1

n1!...nm−1!

m−1∏
k=1

(
δk − ρk

δk

)nk
(

δm
δm − ρm

)n1+...+nm−1

× 2F1

[
α+ n1 + ...+ nm−1, 1− β + τjs; 1− σm + α+ n1 + ...+ nm−1;

δm
δm − ρm

]
+

m∏
i=1

(δi)
−σi

×
n∏

j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

Γ(β − τjs)Γ(α− σm)
Γ(α+ β − τjs− σm)

(
δm

ρm − δm

)σm

×
∞∑

n1,...,nm−1=0

(b1)n1
...(bm−1)nm−1

n1! ...nm−1!

m−1∏
k=1

(
δk − ρk

δk

)nk (α− σm)n1+...+nm−1

(α+ β − τjs− σm)n1+...+nm−1

× 2F1

[
σm, 1− α− β + τjs + σm + n1 + ...+ nm−1; 1− α+ σm − n1 − ...− nm−1;

δm
δm − ρm

]
,

(3.8)
(3.8) may be regarded as the asymptotic series for H

(α,β)

(σi,kj)
[(ρi), (δi) ; λj] as k2

m → 1. Next we
consider the expansion of

2F1

[
α+ n1 + ...+ nm−1, σn; α+ β − τjs + n1 + ...+ nm−1;

δm − ρm

δm

]
appearing in (3.4), when its upper parameters differ by integers. The following two cases arise:

(i) when σm = α− µ, µ = 0, 1, 2,... and
(ii) when σm = α+ µ , µ = 0, 1, 2, ....

In both the cases the results are derived by Al-Zamel et al. [18, p.21-23, equation (4.4),
(4.6) and (4.7)]. By making use of results of Al-Zamel et al. [18], the asymptotic expansion
can be easily derived in the above two cases. Here we are discussing only first case, second case
can be treated on the same lines.

When σm = α − µ ; µ = 0, 1, 2,... then by virtue of the results given by Al-Zamel [18,
p. 21-23], we find that

H
(α,β)

(σi,kj)
[(ρi), (δi) ; λj]
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=
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n′+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

Γ(α)Γ(β − τjs)
Γ(α+ β − τjs)

∞∑
n1,...,nm−1=0

×
(α)n1+...+nm−1

(α+ β − τjs)n1+...+nm−1

(b1)n1
...(bm−1)nm−1

n1!...nm−1!

(
δ1 − ρ1

δ1

)n1

...

(
δm−1 − ρm−1

δm−1

)nm−1

× Γ(α+ β − τjs + n1 + ...+ nm−1)
Γ(α+ n1 + ...+ nm−1) Γ(β − τjs)

(
δm

ρm − δm

)α+n1+...+nm−1

×
∞∑

x=0

(n1 + ...+ nm−1 + µ)x+n1+...+nm−1+µ

x!(x + n1 + ...+ nm−1 + µ) !

(
δm

δm − ρm

)x

×[ `n(ρm − δm)− `n(δm) + ψ(1 + n1 + ...+ nm−1 + µ+ x) + ψ(1 + x)− ψ(α− µ+ n1 + ...

+nm−1 + µ+ x)− ψ(β − τjs− x)] +
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

p∏
j′=n+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

Γ(α)Γ(β − τjs)
Γ(α+ β − τjs)

∞∑
n1,...,nm−1=0

×
(α)n1+...+nm−1

(α+ β − τjs)n1+...+nm−1

(b1)n1
...(bm−1)nm−1

n1!...nm−1!

(
δ1 − ρ1

δ1

)n1

...

(
δm−1 − ρm−1

δm−1

)nm−1

×
(

δm
ρm − δm

)α−µ Γ(α+ β − τjs + n1 + ...+ nm−1)
Γ(α+ n1 + ...+ nm−1)

n1+...+nm−1+µ−1∑
x=0

Γ(α+ n1 + ...+ nm−1 − x)
x!

×
(α− µ)x

Γ(β − τjs + µ+ n1 + ...+ nm−1 − x)

[
δm

δm − ρm

]x
(3.9)

=
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n′+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)r

r!βh

∞∑
n1,...,nm−1=0

m−1∏
`=1

[
(b`)n`

(
δ`−ρ`

δ`

)n`
]

n1! ...nm−1 !
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×
(

δm
ρm − δm

)α+n1+...+nm−1 ∞∑
x=0

(n1 + n2 + ...+ nm−1 + µ)x+n1+...+nm−1+µ

x!(x + n1 + ...+ nm−1 + µ) !

×
(

δm
δm − ρm

)x

[`n(ρm − δm)− `n(δm) + ψ(1 + n1 + ...+ nm−1 + µ+ x) + ψ(1 + x)

−ψ (α− µ+ n1 + ...+ nm−1 + µ+ x)− ψ (β − τjs− x)]

+
m∏

i=1

(δi)
−σi

n∏
j=1

(
2k2

j

1− k2
j

)−τjs
Γ(cj)

Γ(aj) Γ(bj)

m′∑
h=1

∞∑
r=0

m′∏
j′=1,j′ 6=h

Γ(b(j)
j′ − β

(j)
j′ s)

q∏
j′=m′+1

Γ(1− b(j)
j′ + β

(j)
j′ s)

×

n′∏
j′=1

Γ(1− a(j)
j′ + α

(j)
j′ s)

p∏
j′=n′+1

Γ(a(j)
j′ − α

(j)
j′ s)

(−1)rΓ(β − τjs)
r!βh

∞∑
n1,...,nm−1=0

m−1∏
`=1

[
(b`)n`

(
δ`−ρ`

δ`

)n`
]

n1! ...nm−1 !

×
(

δm
ρm − δm

)α−µ n1+...+nm−1+µ−1∑
x=0

Γ(α+ n1 + ...+ nm−1 − x) (α− µ)x
x! Γ (β − τjs + µ+ n1 + ...+ nm−1 − x)

(
δm

δm − ρm

)x

.

(3.10)
Following the same procedure one can establish asymptotic formulas for other families

of elliptic-type integrals.
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