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Universidad Técnica Federico Santa Maŕıa
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ITERATIVE METHOD FOR FAMILIES OF NONEXPANSIVE MAPS

S. J. ANEKE

Abstract. In this paper, we study an iterative method for approximating a com-

mon fixed point of a countably family of nonexpansive mappings in a Banach
space. Our result is a generalization of the results of Bauschke [1], Maingé [12]

and Chidume and Ali [4]. An asymptotic version of this class of operators is also

studied and similar results obtained in a Banach space.

1. Introduction

Direct and iterative methods for finding fixed points of an operator defined in an
appropriate Banach space have been studied by many authors. These studies have
given rise to the development of results and techniques which are now widely available
in the literature.

Existence and approximation results for a common fixed point of families of map-
pings have also been studied by various authors (see, for example [1, 2, 4, 6, 8, 9, 10,
11]).

Let {Ti} be a countable family of nonexpansive mappings. We denote by a set
NI = {i ∈ N : Ti 6= I} (I being the identity mapping on E). We also denote a set
F = ∩∞i=1F (Ti), the common fixed points of the operators {Ti, i = 1, 2, ...}. With
these notations, Maingé [12] proved the following theorem:

Theorem 1.1. Let K be a nonempty closed, convex subset of a real Hilbert space
H. Let {Ti} be a countable family of nonexpansive self mappings of K, {tn} and
{σi,tn

} be sequences in (0, 1) satisfying the following conditions: (i) lim
n→∞

tn = 0 (ii)∑
i≥1 σi,tn

= (1 − tn) (iii) ∀i ∈ NI , lim
n→∞

tn

σi,tn
= 0. Define a fixed point sequence

{xtn
} by

xtn = tnCxtn +
∑
i≥1

σi,tnTixtn
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where C : K → K is a strict contraction. Assume F = ∩∞i=1F (Ti) 6= ∅, then {xtn
}

converges strongly to a unique fixed point of the contraction PF oC, where PF is the
metric projection from H onto F .

Chidume and Ali [4] considered an iterative scheme for approximating a common
fixed point of a countable infinite family of nonexpansive mappings in a q-uniformly
smooth Banach space and proved the following theorem:

Theorem 1.2. Let E be a q-uniformly smooth Banach space with q ≥ 1 + dq. Let K
be a closed, convex and nonempty subset of E. Let {tn} be a sequence in (0, 1) such
that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,n
= 0 ∀i ∈ NI . Let {ztn

} be a sequence satisfying the

equation zt = tu +
∑

i≥1 σi,tSizt, and let F = ∩∞i=1F (Ti) 6= ∅. If the duality map jq of
E is weakly sequentially continuous, then ztn

converges strongly to an element in F .

The above result of Chidume and Ali is a further generalization of the earlier results
of Bauschke [1] and Maingé [12].

It is our purpose in this paper to show that the result of Chidume and Ali, theorem 1.2
of [4] (using exactly the same condition as in that paper) holds in an arbitrary Banach
space. Furthermore, we prove a similar result for a countable family of asymptotically
nonexpansive mappings, thus generalizing the class of operators as well.

2. Preliminaries

Let E be a real normed linear space with dual E∗. We denote by J the normalilzed
duality mapping from E to 2E∗

defined by

Jx = {f ∈ E∗ : 〈x, f〉 = ||x||2 = ||f ||2},

where 〈., .〉 denotes the generalized duality pairing.It is well known that if E∗ is strictly
convex then J is single valued and if E∗ is uniformly convex (equivalently if E is uni-
formly smooth) then J is uniformly continuous on bounded subsets of E. We shall
denote the single-valued duality mapping by j.

A mapping T with domain D(T ) and range R(T ) in E is said to be demiclosed at p
if when {xn} is a sequence in D(T ) such that xn ⇀ x∗ ∈ D(T ) and Txn → p then
Tx∗ = p.
A Banach space E is called an Opial space[13] if for all sequence {xn} ∈ E such that
xn ⇀ x ∈ E the inequality

lim inf
n→∞

||xn − x|| < lim inf
n→∞

||xn − y||

holds for all y 6= x. For a normed linear space E, the existence of weakly sequentially
continuous duality map implies E is an Opial space (see, for example [13]). If E is an
Opial space and T is a nonexpansive map defined on E then (I − T ) is demiclosed at
0 (see, for example [13]).
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In 1972, Goebel and Kirk [7] introduced a class of mappings generalizing the class
of nonexpansive operators. Let K be a subset of a normed linear space. A mapping
T : K → K is called asymptotically nonexpansive if there exists a sequence kn, kn ≥ 1,
such that lim

n→∞
kn = 1 and ||Tnx− Tny|| ≤ kn||x− y|| for each x, y ∈ K and for each

integer n ≥ 1. For an example to show that the class of asymptotically nonexpansive
maps contains properly the class of nonexpansive maps, see Goebel and Kirk [7].

Lemma 2.1. Let E be a real normed linear space and let J denote the normalized
duality map on E. Then for any given x, y ∈ E, the following inequality holds:

||x + y||2 ≤ ||x||2 + 2 〈y, j(x + y)〉 ∀j(x + y) ∈ J(x + y).

3. Main Results

Let K be a nonempty closed and convex subset of a real Banach space E. Let
{Ti}∞i=1 be a family of nonexpansive self mappings of K. For a fixed δ ∈ (0, 1), define
a family of mappings Si : K → K by Six = (1 − δ)x + δTix ∀x ∈ K, and i ∈ N.
For t ∈ (0, 1), let {σi,t}∞i=1 be a sequence in (0, 1) such that

∑
i≥1 σi,t = (1 − t). For

arbitrary fixed u ∈ K,define a map Tt : K → K by

Ttx = tu +
∑
i≥1

σi,tSix ∀x ∈ K (1)

Then, Tt is a strict contraction on K. For if x, y ∈ K,

||Ttx− Tty|| = ||
∑
i≥1

σi,t ((1− δ)(x− y) + δ(Tix− Tiy)) ||

≤
∑
i≥1

σi,t ((1− δ)||x− y||+ δ||Tix− Tiy||)

≤ (1− t) ((1− δ)||x− y||+ δ||x− y||)
= (1− t)||x− y||.

Thus, for each t ∈ (0, 1), the map Tt is a strict contraction. Hence for each t ∈ (0, 1),
Tt has a unique fixed point. Thus, for each t ∈ (0, 1), there exists a unique zt ∈ K
satisfying

zt = tu +
∑
i≥1

σi,tSizt (2)

Lemma 3.1. (see [4]) Let E be a real Banach space. Let K be a closed, convex and
nonempty subset of E. For t ∈ (0, 1), let {zt} be a sequence satisfying 2 and assume
F = ∩∞i=1F (Ti) 6= ∅. Then {zt} is bounded and admits a unique accumulation point
as t → 0

Lemma 3.2. Let E be a real Banach space. Let K be a closed, convex and nonempty
subset of E. Let {tn} be a sequence in (0, 1) such that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,n
=

0 ∀i ∈ NI . Let {ztn
} be a sequence satisfying 2 and let F = ∩∞i=1F (Ti) 6= ∅. Then

lim
n→∞

||ztn − Tiztn || = 0 ∀i ∈ N.
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Proof of Lemma 3.2 Since u ∈ K is arbitrary, then for each t ∈ (0, 1) the sequence
Tn

t u converges to zt. That is Tn
t u → zt as n → ∞. Thus, given εn > 0, there exists

Nεn such that ∀m ≥ Nεn , ||Tm
tn

u− ztn || < εn. Hence, using Lemma 2.1, and for each
i ∈ N, we have:

||Siztn
− ztn

||2 = ||Siztn
− Tm

tn
u + Tm

tn
u− ztn

||2 m ≥ Nεn

≤ ||Tm
tn

u− ztn
||2 + 2

〈
Siztn

− Tm
tn

u, j(Siztn
− ztn

)
〉

⇒ 1
2
||Siztn

− ztn
||2 − 1

2
||Tm

tn
u− ztn

||2 ≤
〈
Siztn

− Tm
tn

u, j(Siztn
− ztn

)
〉
. (3)

Using 2 we have:〈
ztn − Tm

tn
u, j(Siztn − ztn)

〉
= tn

〈
u− Tm

tn
u, j(Siztn − ztn)

〉
+∑

i≥1

σi,n

〈
Siztn − Tm

tn
u, j(Siztn − ztn)

〉
.

That is∑
i≥1

σi,n

〈
Siztn − Tm

tn
u, j(Siztn − ztn)

〉
=

〈
ztn − Tm

tn
u, j(Siztn − ztn)

〉
−

tn
〈
u− Tm

tn
u, j(Siztn

− ztn
)
〉
.

Hence,〈
Siztn

− Tm
tn

u, j(Siztn
− ztn

)
〉

≤ (1− t)−1||ztn
− Tm

tn
u||||Siztn

− ztn
||

− tn(1− tn)−1
〈
u− Tm

tn
u, j(Siztn

− ztn
)
〉

≤ (1− tn)−1εn||Siztn
− ztn

|| − tn(1− tn)−1
〈
u− Tm

tn
u, j(Siztn

− ztn
)
〉
.

Using this and 3, we have

1
2
||Siztn

− ztn
||2 − 1

2
||Tm

tn
u− ztn

||2 ≤ (1− tn)−1εn||Siztn
− ztn

||

−tn(1− tn)−1
〈
u− Tm

tn
u, j(Siztn

− ztn
)
〉
,

or

||Siztn
− ztn

||2 ≤ ε2n + 2εn(1− tn)−1||Siztn
− ztn

|| −
2tn(1− tn)−1

〈
u− Tm

tn
u, j(Siztn − ztn)

〉
.

Since {ztn
} is bounded and Si is nonexpansive, we have that lim

n→∞
||Siztn

− ztn
|| = 0.

This implies lim
n→∞

||ztn
−Tiztn

|| = 1
δ lim

n→∞
||Siztn

−ztn
|| = 0, thus completing the proof.

Theorem 3.3. Let E be a real Banach space. Let K be a closed,convex and nonempty
subset of E. Let {tn} be a sequence in (0, 1) such that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,n
=

0 ∀i ∈ NI . Let {ztn
} be a sequence satisfying 2 and let F = ∩∞i=1F (Ti) 6= ∅. If the

duality mapping j of E is weakly sequentially continuous, then {ztn
} converges strongly

to an element in F .
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Proof Since {ztn
} is bounded, there exists a subsequence {ztnk

} of {ztn
} that con-

verges weakly to some z ∈ K. Using the demiclosedness property of (I − Ti) for each
i ∈ N, and the fact that lim

n→∞
||ztnk

−Tiztnk
|| = 0, we get that z ∈ F . Using 2 we have

||ztnk
− z||2 =

〈
ztnk

− z, j(ztnk
− z)

〉
=

〈
tnk

(u− z) +
∑
i≥1

σi,nk
(Siztnk

− z), j(ztnk
− z)

〉

=
〈
tnk

(u− z), j(ztnk
− z)

〉
+

∑
i≥1

σi,nk

〈
(Siztnk

− Sz), j(ztnk
− z)

〉
≤

〈
tnk

(u− z), j(ztnk
− z)

〉
+

∑
i≥1

σi,nk
||ztnk

− z||2.

The rest of the proof follows as in the proof of theorem 3.3 of Chidume and Ali [4], to
establish that ztn converges strongly to z.

Corollary 3.4. Let E be a compact real Banach space. Let K be a closed, convex
and nonempty subset of E. Let tn be a sequence in (0, 1) such that lim

n→∞
tn = 0 and

lim
n→∞

tn

σi,n
= 0 ∀i ∈ NI . Let {ztn

} be a sequence satisfying 2 and let F = ∩∞i=1F (Ti).

Then {ztn
} converges strongly to an element of F .

Proof As K is a closed subset of a compact space, K is itself compact. It follows
that the sequence {ztn

} has a subsequence {ztnk
} which converges strongly to some

z ∈ K. Compactness of E implies that E automatically admits a weak sequentially
continuous duality map. The rest of the proof follows as in the proof of theorem 3.3

Let K be a nonempty closed and convex subset of a real Banach space E. Let {Ti} be a
family of asymptotically nonexpansive self mappings of K. For a fixed δ ∈ (0, 1), define
a family of mappings Si : K → K by Six = (1− δ)x + δTm

i x ∀x ∈ K and i ∈ N. Let
{kn} be the sequence appearing in the definition of asymptotically nonexpansive maps
and let M = sup

n
kn. Let d0 ∈ (0, 1) be such that (1− t)(1− δ + δM) < 1 ∀t ∈ (d0, 1).

Let
∑

i≥1 σi,t = (1− t). For arbitrary fixed u ∈ K, define a map Tt : K → K by

Ttx = tu +
∑
i≥1

σi,tSix ∀x ∈ K.

Then Tt is a strict contraction on K. For if x, y ∈ K, we have

||Ttx− Tty|| = ||
∑
i≥1

σi,t ((1− δ)(x− y) + δ(Tm
i x− Tm

i y)) ||

≤ (1− t) ((1− δ)||x− y||+ δkn||x− y||)
≤ (1− t)(1− δ + δM)||x− y||
< α||x− y||, α ∈ (0, 1).
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Thus for each t ∈ (0, 1), there is a unique zt ∈ K such that

zt = tu +
∑
i≥1

σi,tSizt (4)

Lemma 3.5. Let E be a real Banach space. Let K be a closed, convex and nonempty
subset of E. For t ∈ (d0, 1), let zt be a sequence satisfying 4 and assume F = ∩∞i=1 6= ∅.
Then {zt} is bounded and admits a unique accumulation point as t → 0.

Proof Let x∗ ∈ F . Using 4, we have

||zt − x∗||2 =

〈
t(u− x∗) +

∑
i≥1

σi,t(Sizt − x∗), j(zt − x∗)

〉
≤ t 〈u− x∗, j(zt − x∗)〉+

∑
i≥1

σi,tαn||zt − x∗||2, αn = 1− δ + δkn

= t 〈u− x∗, j(zt − x∗)〉+ (1− t)αn||zt − x∗||2

⇒ ||zt − x∗||2 ≤ t 〈u− x∗, j(zt − x∗)〉+ (1− t)||zt − x∗||2

⇒ ||zt − x∗|| ≤ ||u− x∗||
Thus {zt} is bounded.
We now show that {zt} has a unique accumulation point as t → d0. Assume for
contradiction that {zt} admits two distinct accumulation points x∗ and y∗. Then,

||x∗ − y∗||2 ≤

〈
t(u− x∗) +

∑
i≥1

σi,t(Siy
∗ − x∗), j(y∗ − x∗)

〉
,

≤ t 〈u− x∗, j(y∗ − x∗)〉+
∑
i≥1

σi,tαn||y∗ − x∗||2

≤ t 〈u− x∗, j(y∗ − x∗)〉+
∑
i≥1

σi,t||y∗ − x∗||2

= t 〈u− x∗, j(y∗ − x∗)〉+ (1− t)||y∗ − x∗||2,
||y∗ − x∗||2 ≤ 〈u− x∗, j(y∗ − x∗)〉 .

Similarly,

||x∗ − y∗||2 ≤ 〈u− y∗, j(x∗ − y∗)〉 .
Hence,

2||x∗ − y∗||2 ≤ ||x∗ − y∗||2,
contradiction. This contradiction shows that x∗ = y∗.

By mimicking the proof of Lemma 3.2, it is easy to establish the following Lemma:

Lemma 3.6. Let E be a Banach space. Let K be a closed, convex and nonempty
subset of E. Let {tn} be a sequence in (d0, 1) such that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,n
=

0 ∀i ∈ NI . Let {ztn
} be a sequence satisfying 4. Let {Ti} be a family of asymptotically
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nonexpansive self mappings of K and let F = ∩∞i=1F (Ti) 6= ∅. Then lim
n→∞

||ztn
−

Tiztn || = 0 ∀i ∈ N.

Also, by mimicking the proof of theorem 3.3, it is easy to establish the following the-
orem:

Theorem 3.7. Let E be a Banach space, and let K be a closed, convex and nonempty
subset of E. Let {tn} be a sequence in (d0, 1) such that lim

n→∞
tn = 0 and lim

n→∞
tn

σi,n
=

0 ∀i ∈ NI . Let {ztn} be a sequence satisfying 4. Let {Ti} be a countable family of
asymptotically nonexpansive self mappings of K such that F = ∩∞i=1F (Ti) 6= ∅. If E
admits a weakly continuous duality map, then {ztn

} converges strongly to some z ∈ F .
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